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1. INTRODUCTION
We determine the fusion rules for the free bosonic orbifold vertex
Ž .qoperator algebra M 1 which is the fixed point set of the free bosonic
Ž .vertex operator algebra M 1 under an automorphism u of order 2.
w x Ž . ŽIn Z , Zhu introduced an associative algebra A V called Zhu’s
. Ž .algebra associated to a vertex operator algebra V. Zhu’s algebra A V
inherits a part of the vertex operator algebra structure of V which affords
much information on V-modules. For example, there exists a one-to-one
correspondence between the set of equivalence classes of irreducible
N-gradable V-modules and the set of equivalence classes of irreducible
Ž . w xA V -modules. Later, in FZ , the notion of Zhu’s algebra is generalized to
Ž . Ž .an A V -bimodule A M for an N-gradable V-module M, and the fusion
rules of rational vertex operator algebras are completely characterized in
Ž w x.terms of these bimodules see also Li . More precisely, for irreducible
i Ž . iV-modules M i s 1, 2, 3 , with nontrivial top level M , there exists a0
natural injection from
M 3I ,
1 2ž /M M
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which is the space of intertwining operators of type
M 3 ,
1 2ž /M M
Ž 3. Ž 1. 2into the dual space of the contraction M * A M M .m m0 AŽV . AŽV . 0
Moreover, if V is rational, then this map becomes an isomorphism. By
using this isomorphism, fusion rules were calculated for vertex operator
w xalgebras associated with finite-dimensional simple Lie algebras FZ , for
w xthe minimal series W , etc.
Let h be a d-dimensional complex vector space with a nondegenerate
ˆsymmetric bilinear form and let h be its affinization. Then the Fock space
Ž . Ž y1 w y1 x.M 1 s S h m t C t is a simple vertex operator algebra with central
charge d and has the automorphism u of order 2 lifted from the map
w x Ž .q Ž .h “ h , h ‹ yh FLM . The fixed point set M 1 of M 1 is also a
Ž .ysimple vertex operator algebra and the y1-eigenspace M 1 is an irre-
Ž .qducible M 1 -module. It is well known that for every l g h the Fock
Ž . Ž y1 w y1 x. l Ž .space M 1, l s S h m t C t m Ce is an irreducible M 1 -module
 Ž . 4 Ž .and the set M 1, l N l g h gives all the inequivalent irreducible M 1 -
Ž . Ž .qmodules. Moreover, if l / 0, M 1, l is an irreducible M 1 -module, and
Ž . Ž . Ž .qM 1, l and M 1, yl are isomorphic to each other as the M 1 -module
Ž w x. Ž .Ž .see DM . In addition, the u-twisted M-module M 1 u defined as an
ˆw xinduced module of the twisted affine Lie algebra h y1 is also an
Ž .q Ž .Ž ."M 1 -module, and the "1-eigenspaces M 1 u for u give inequivalent
Ž .qirreducible M 1 -modules. It is known that these irreducible modules
Ž ." Ž . Ž Ž .. Ž . Ž .Ž ."M 1 , M 1, l , M 1, yl l / 0 , and M 1 u give all the inequiv-
Ž .q Ž w x w x.alent irreducible M 1 -modules see DN1 and DN2 .
In this paper, we only consider the rank one, i.e., the d s 1, case and
Ž .qdetermine the fusion rules among any triples of irreducible M 1 -mod-
ules. One of the main results in this paper is the following theorem.
Ž .qTHEOREM. Let M, N, and L be irreducible M 1 -modules.
Ž . Ž .q L q1 If M s M 1 , then N s d .M Ž1. N N, L
Ž . Ž .y L Ly y2 If M s M 1 , then N is 0 or 1, and N s 1 if andM Ž1. N M Ž1. N
Ž .only if the pair N, L is one of the following pairs:
. ." "M 1 , M 1 , M 1 u , M 1 u ,Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .
M 1, l , M 1, m l2 s m2 .Ž . Ž .Ž . Ž .
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Ž . Ž . Ž . L L3 If M s M 1, l l / 0 , then N is 0 or 1, and N s 1M Ž1, l.N M Ž1, l.N
Ž .if and only if the pair N, L is one of the following pairs:
" 22 2 2M 1 , M 1, m l s m , M 1, m , M 1, n n s l " m ,Ž . Ž . Ž . Ž . Ž .Ž .Ž .Ž . Ž .
." " "M 1 u , M 1 u , M 1 u , M 1 u .Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .
Ž . Ž .Ž .q L Lq q4 If M s M 1 u , then N is 0 or 1, and N s 1 ifM Ž1.Žu . N M Ž1.Žu . N
Ž .and only if the pair N, L is one of the following pairs:
" " "M 1 , M 1 u , M 1, l , M 1 u .Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .
Ž . Ž .Ž .y L Ly y5 If M s M 1 u , then N is 0 or 1, and N s 1 ifM Ž1.Žu . N M Ž1.Žu . N
Ž .and only if the pair N, L is one of the following pairs:
." "M 1 , M 1 u , M 1, l , M 1 u .Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .
i Ž . Ž .qLet M i s 1, 2, 3 be irreducible M 1 -modules. Then the classifica-
Ž .q w xtion result of irreducible M 1 -modules in DN1 and formal characters
Ž .q M 31 2for irreducible M 1 -modules show that the fusion rule N is invari-M M
 4ant under any permutation of 1, 2, 3 . In more detail, the explicit forms of
Ž .qthe formal characters of irreducible M 1 -modules imply that two irre-
Ž .qducible M 1 -modules with the same formal characters are isomorphic to
Ž .qeach other, and in particular that every irreducible M 1 -module is
isomorphic to its contragredient module. Then the above symmetry-of-fu-
sion rules follow from the fact that N L s N L s N N 9 holds for modulesM N NM M L
M, N, L of a vertex operator algebra, where N9 and L9 are contragredient
Ž 1.modules of N and L respectively. Next, we prove that A M is generated
Ž Ž .q.as an A M 1 -bimodule by at most two elements which are images of
singular vectors of M 1 viewed as a module for the Virasoro algebra. This
Ž .qis obtained by using the fact that the M 1 is generated by the Virasoro
Ž w x.element and a singular vector of weight 4 see DG . Further, using the
Frenkel]Zhu injection, we prove that the fusion rule N M
3
1 2 is less than 2.M M
Ž 3. Ž 1. 2A more detailed study of the contraction M * A M Mm m0 AŽV . AŽV . 0
Ž Ž .q. M 31 2of A M 1 -modules implies that the fusion rule N is in fact lessM M
w x w xthan 1. In FLM and DN1 , the nontrivial intertwining operator of type
M 1, l q mŽ .ž /M 1, l M 1, mŽ . Ž .
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was constructed for every l, m g C. This gives us nontrivial intertwining
operators of types
" M 1, lŽ .M 1Ž .
, ,"q " ž /ž / M 1 M 1, lŽ . Ž .M 1 M 1Ž . Ž .
M 1, l q mŽ .
and .ž /M 1, l M 1, mŽ . Ž .
The fusion rules of corresponding types are nonzero. In addition, in
w x Ž . Ž Ž .Ž .FLM , a twisted vertex operator from M 1, l to Hom M 1 u ,
Ž .Ž .. 4M 1 u z was obtained for every l g C. This provides the nontrivial
intertwining operators of types
q bM 1Ž . M 1 uŽ . Ž .
and a" "ž / ž /M 1 M 1 u M 1, l M 1 uŽ . Ž . Ž . Ž . Ž . Ž .
 4for any a , b g q, y . Thus the fusion rules of corresponding types are
also nonzero. The study of the contractions also shows that all nonzero
fusion rules are derived from these fusion rules by means of the above
Ž .symmetry-of-fusion rules and the equivalency between M 1, l and
Ž .M 1, yl for l g C.
The organization of this paper is as follows. We recall the definitions of
vertex operator algebras, modules, and fusion rules in Section 2.1, and
those of Zhu’s algebras and their bimodule in Section 2.2, where we also
explain the relation between fusion rules and the bimodules. We review
Ž .qthe vertex operator algebra M 1 and its irreducible modules in Section
2.3. In Section 3.1, we describe the irreducible decompositions of the
Ž .qirreducible M 1 -modules as modules for Virasoro algebra and prove that
M 3  41 2N is invariant under any permutation of 1, 2, 3 for irreducibleM M
Ž .q i Ž .M 1 -modules M 1 F i F 3 . In Section 3.2 we prove some lemmas and
Ž .a proposition Proposition 3.7 which gives a generalization of Zhu’s
Ž .anti-isomorphism of A V , and in Section 3.3 we give a set of generators
Ž . Ž .qof A M for an irreducible M 1 -module M and show that all fusion
Ž .qrules among irreducible M 1 -modules are less than 2. In Section 4.1 we
explain that the vertex operators and twisted vertex operators constructed
w xin FLM give some nonzero intertwining operators among irreducible
Ž .qM 1 -modules, and we state the main theorem. In Section 4.2 we prove
Ž 3.the main theorem by studying the structure of the contraction M * ?0
Ž 1. 2 Ž .q i Ž .A M ? M for irreducible M 1 -modules M 1 F i F 3 .0
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2. PRELIMINARIES
We recall the definitions of vertex operator algebras, their modules from
w x w xFLM, DLM1, and DMZ , and fusion rules from FHL in Section 2.1. In
w x w xSection 2.2, following Z and FZ , we review the definition of Zhu’s
Ž .algebra A V associated to a vertex operator algebra V and its bimodule
Ž . w xA M for an N-gradable V-module M. In Section 2.3, following FLM , we
Ž .qrecall the vertex operator algebra M 1 and its irreducible modules.
Throughout the paper, N is the set of nonnegative integers and Z is) 0
the set of positive integers. For vector space V, the vector space of the
formal power series in z is denoted by
n 4V z s ¤ z ¤ g V ,Ý n n½ 5
ngC
ww y1 xx ŽŽ ..and we set the subspaces V z, z and V z as
y1 nw xV z , z s ¤ z ¤ g V ,Ý n n½ 5
ngZ
‘
nV z s ¤ z k g Z, ¤ g V .Ž .Ž . Ý n n½ 5
nsk
Ž . n  4For f z s Ý ¤ z g V z , ¤ is called the formal residue denoted byng C n y1
Ž .Res f z s ¤ .z y1
2.1. Vertex Operator Algebras, Modules, and Fusion Rules
DEFINITION 2.1. A Z-graded vector space V s V such that[ ng Z n
dim V is finite for all integers n and V s 0 for a sufficiently small integern n
n is called a ¤ertex operator algebra if V is equipped with a linear map
y1w xY : V “ End V z , zŽ .
¤ ‹ Y ¤ , z s ¤ zyny1 ¤ g End VŽ . Ž .Ý n n
ngZ
and with two distinguished vectors 1 g V and v g V such that the0 2
conditions
Y a, z b g V zŽ . Ž .Ž .
Ž .and Jacobi identity
z y z z y z1 2 2 1y1 y1z d Y a, z Y b , z y z d Y b , z Y a, zŽ . Ž . Ž . Ž .0 1 2 0 2 1ž / ž /z yz0 0
z y z1 0y1s z d Y Y a, z b , zŽ .Ž .2 0 2ž /z2
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Ž . nhold for a, b g V and m, n g Z, where d z s Ý z and all binomialng Z
expressions are to be expanded as formal power series in the second
variable.
w xY 1, z s id , Y a, z 1 g V z , and Y a, z 1 N s a.Ž . Ž . Ž .V zs0
Ž . Ž . yny2 Ž . Ž .We set Y v, z s Ý L n z , then L n n g Z forms a Vira-ng Z
soro algebra,
m3 y m
L m , L n s m y n L m q n q d c , 2.1Ž . Ž . Ž . Ž . Ž .mq n , 0 V12
for any m, n g Z, where c , which is called the central charge of V, g C.V
L 0 a s na for n g Z, a g V ,Ž . n
d
Y L y1 a, z s Y a, z . 2.2Ž . Ž . Ž .Ž .
dz
Ž .The vertex operator algebra is denoted by V, Y, 1, v or simply by V.
An element a g V is called a homogeneous element of weight n and wen
Ž .write n s wt a .
An automorphism g of a vertex operator algebra V is a linear automor-
Ž . y1 Ž Ž . . Ž .phism of V such that gY a, z g s Y g a , z for all a g V and g v s
v. Set Aut V to be the set of all automorphisms of V and let G be a
subgroup of Aut V. Then the fixed point set for G naturally becomes a
vertex operator algebra. This vertex operator algebra is called the orbifold
Ž w x.of V cf. DVVV, DM .
Let g be an automorphism of a vertex operator algebra V of order T.
Then V is decomposed into the eigenspaces for g :
Ty1
r r y2p i rr TV s V , V s a g V N g a s e a . 4Ž .[
rs0
DEFINITION 2.2. Let V be a vertex operator algebra and let g be an
automorphism of order T. A weak g-twisted V-module M is a vector space
equipped with a linear map
 4Y : V “ End M z ,Ž .M
a ‹ Y a, z s aMzyny1 aM g End M ,Ž . Ž .ÝM n n
ngQ
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such that the conditions
Y a, z s aMzyny1 , Y a, z ¤ g zyr r TM z ,Ž . Ž . Ž .Ž .ÝM n M
ngrrTqZ
Y 1, z s id ,Ž .M M
Ž .and twisted Jacobi identity
z y z z y z1 2 2 1y1 y1z d Y a, z Y b , z y z d Y b , z Y a, zŽ . Ž . Ž . Ž .0 M 1 M 2 0 M 2 M 1ž / ž /z yz0 0
yrrTz y z z y z1 0 1 0y1s z d Y Y a, z b , z 2.3Ž . Ž .Ž .2 M 0 2ž / ž /z z2 2
hold for 0 F r F T y 1, a g V r, b g V, and u g M.
Ž .The weak g-twisted V-module is denoted by M, Y or simply by M. InM
the case g is an identity of V, the weak g-twisted V-module is called a
weak V-module. Here and later we denote the component operator aMn
Ž .a g V, n g Q by a for simplicity.n
Ž . Ž .Let M, Y be a weak g-twisted V-module and set Y v, z sM M
Ž . yny2  Ž . Ž . 4Ý L n z . Then the operators L n ; n g Z , id also form ang Z M
Ž . ŽVirasoro algebra with central charge c . Moreover, we also have 2.2 seeV
w x.DLM2 .
DEFINITION 2.3. Let V be a vertex operator algebra and let g be an
1automorphism of V of order T. A N-gradable g-twisted V-module M is aT
1weak g-twisted V-module which has a N-grading M s M[ ng Ž1r T .N nT
such that a M ; M holds for any homogeneous a g V, nm n wtŽa.qnymy1
1g N, and m g Q.T
1In the case g is an identity on V, the N-gradable g-twisted V-module isT
called an N-gradable V-module. An element u g M is called a homoge-n
Ž .neous element of degree n and we write n s deg ¤ .
DEFINITION 2.4. An ordinary g-twisted V-module M is a weak g-twisted
Ž .V-module on which L 0 acts semisimply,
M s M l , M l s u g M N L 0 u s lu , 4Ž . Ž . Ž .[
lgC
such that each eigenspace is finite dimensional and for fixed l g C,
Ž .M l q nrT s 0 for a sufficiently small integer n.
In the case in which g is an identity of V, the ordinary g-twisted
V-module is called an ordinary V-module, or more simply a V-module. An
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Ž .element u g M l is said to be homogeneous of weight l and we write
Ž .l s wt u .
The notions of submodules and irreducible modules are defined in the
obvious way. Let M be a V-module, then the restricted dual M9
Ž . U Ž .s M l * is a V-module and the vertex operator Y a, z for[ lg C M
a g V is defined by
Ž .L 0U z LŽ1. y2 y1² : ² :Y a, z u9, ¤ s u9, Y e yz a, z ¤Ž . Ž .ž /M M
Ž U .for u9 g M9, ¤ g M. This V-module M9, Y is called the contragredientM
module of M. It is known that if M irreducible, then M9 is also irreducible
Ž w x.cf. FHL .
Ž i .iDEFINITION 2.5. Let V be a vertex operator algebra and M , YM
Ž .i s 1, 2, 3 be weak V-modules. An intertwining operator of type
M 3
1 2ž /M M
is a linear map
1 2 3  4I : M “ Hom M , M z ,Ž .Ž .
¤ ‹ I ¤ , z s ¤ zyny1 ¤ g Hom M 2 , M 3Ž . Ž .Ž .Ý n n
ngC
such that for a g V, ¤ g M 1, and u g M 2 the following conditions hold.
For fixed n g C, ¤ u s 0 for sufficiently large integer k,nqk
z y z1 2y1
3Jacobi identity z d Y a, z I ¤ , zŽ . Ž . Ž .0 M 1 2ž /z0
z y z2 1y1
2y z d I ¤ , z Y a, zŽ . Ž .0 2 M 1ž /yz0
z y z1 0y1
1s z d I Y a, z ¤ , z , 2.4Ž . Ž .Ž .2 M 0 2ž /z2
d
I ¤ , z s I L y1 ¤ , z .Ž . Ž .Ž .
dz
We denote the vector space composed of the intertwining operators of
type
M 3
1 2ž /M M
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by
M 3I .
1 2ž /M M
The dimension of this vector space is called a fusion rule of corresponding
type and is denoted by N M
3
1 2 . It is well known that fusion rules have theM M
Ž w x w x.following symmetry see FHL and HL .
i Ž .PROPOSITION 2.6. Let M i s 1, 2, 3 be V-modules. Then
N M
3
1 2 s N M 32 1 and N M 31 2 s N ŽM 2 .91 3 .M M M M M M M ŽM .9
Ž . Ž . Ž .2.2. Zhu’s Algebra A V and the A V -Bimodule A M
We recall the definition of Zhu’s algebra. Two bilinear products ) and
( on V are defined as follows: For homogeneous a g V and b g V, we
define
Ž .wt a1 q zŽ .
a) b s Res Y a, z b ,Ž .zž /z
Ž .wt a1 q zŽ .
a( b s Res Y a, z b ,Ž .z 2ž /z
Ž . Žand extend these to V by linearity. Let O V be the linear span of a( b a,
. Ž . Ž .b g V and set A V s VrO V . Let M be an N-gradable V-module. For
Ž . Mevery homogeneous a g V, define o a s a and extend to V lin-wtŽa.y1
Ž w x.early. The following proposition is due to Zhu see Z .
Ž . Ž .PROPOSITION 2.7. 1 The bilinear product ) induces A V , an associa-
Ž . Ž .ti¤e algebra structure. The ¤ector 1 q O V is the identity and v q O V is
Ž .in the center of A V .
Ž . Ž .2 The linear map o: V “ End M , ¤ ‹ o ¤ N induces an associa-0 M0
Ž . Ž .ti¤e algebra homomorphism o: A V “ End M . Thus M is a left A V -0 0
module.
Ž . Ž . Ž .Next we recall the A V -bimodule A M . Let M, Y be an N-gradableM
V-module. Define bilinear maps ): M “ M , (: V = M “ M, ): M = V1
“ M by
Ž .wt a Ž .wt a1 q zŽ . wt aŽ .a)u s Res Y a, z u s a u , 2.5Ž . Ž .Ýz M iy1ž /ž /z iis0
Ž .wt a Ž .wt a1 q zŽ . wt aŽ .a(u s Res Y a, z u s a u ,Ž . Ýz M iy22 ž /ž /z iis0
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and
Ž .wt a y1 Ž .wt a y11 q zŽ . wt a y 1Ž .u) a s Res Y a, z u s a u ,Ž . Ýz M iy1ž /ž /z iis0
2.6Ž .
for homogeneous a g V and u g M respectively, and extend these to
Ž .linear operations on V. Let O M be the linear span of a(u for a g V,
Ž . Ž .u g M, and set A M s MrO M . We denote the image of u g M in
Ž . w x Ž . Ž .A M by u . Then A M is an A V -bimodule, and the left and right
w x w x w x w x w xactions are given by a ) u s a)u and u) a s u) a respectively for
a g V, u g M.
DEFINITION 2.8. Let A be an associative algebra and R, B, L be a
right A-module, an A-bimodule, and a left A-module respectively. The
tensor product of R, B, and L as an A-module R B L is calledm mA A
a contraction of R, B, and L and is denoted by R ? B ? L.
i ‘ i Ž .Now let M s M i s 1, 2, 3 be N-gradable V-modules. Sup-[ nns0
Ž . ipose that for any i there exists a scalar h g C such that L 0 acts on Mi n
as h q n. Let I be an intertwining operator of typei
M 3 .
1 2ž /M M
1 Ž . y h 1 y h 2 q h 3Then for each ¤ g M , we have I ¤ , z g z
Ž Ž 2 3..ww y1 xx Ž w x. Ž .Hom M , M z, z see Proposition 1.5.1 in FZ . We define o ¤
h1qh 2yh 3qd egŽ¤ .y1 Ž . 1s Res z I ¤ , z for homogeneous ¤ g M and extend itz
1 Žto M by linearity. Then we have following theorem see Theorem 1.5.2 in
w x.FZ .
i ‘ i Ž .THEOREM 2.9. Let M s M i s 1, 2, 3 be N-gradable V-mod-[ ns0 n
i Ž .ules. Suppose that for each M there exists an h g C such that L 0 acts oni
i Ž 3. ‘ Ž 3.M as a scalar h q n. Let M 9 s M * be the contragredient[n i ns0 n
module of M 3. Then the linear map
M 3 3 1 2p : I “ M * ? A M ? M *, I ‹ p I 2.7Ž . Ž . Ž .Ž .Ž .0 01 2ž /M M
Ž .Ž X w x . ² X Ž . :gi¤en by the property p I ¤ m ¤ m ¤ s ¤ , o ¤ ¤ for3 1 2 3 1 2
M 3 X 3 1 2I g I , ¤ g M *, ¤ g M , and ¤ g MŽ .3 0 1 2 01 2ž /M M
is well-defined.
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If V is rational, that is, all N-gradable V-modules are completely
reducible, then the linear map p is an isomorphism. In general, p is not
Ž w x.surjective see Li , but we have the following proposition.
i ‘ i Ž .PROPOSITION 2.10. Let M s M i s 1, 2, 3 be as in Theorem[ ns0 n
2.9. Suppose that M 2 is irreducible and that M 3 is an irreducible ordinary.
Then p is injecti¤e. Thus we ha¤e
N M
3
1 2 F dim M 3 * ? A M 1 ? M 2 *.Ž .Ž .Ž .M M 0 0
Proof. Let I be an intertwining operator of type
M 3 .
1 2ž /M M
Ž . ² X Ž . : XSuppose that p I s 0. Then we have ¤ , I ¤ , z ¤ s 0 for any ¤ g3 1 2 3
Ž 3. 1 2M *, ¤ g M , and ¤ g M . Set0 1 2 0
2 ² X : X 3 1 2W s u g M N ¤ , I ¤ , z u s 0 for any ¤ g M *, ¤ g M > M .Ž . 4Ž .3 1 3 0 1 0
Note that for any nonzero u g M 2, we have a u g W for any homoge-0 n
Ž .neous a g V, n g Z. In fact, it is obvious that a u g W for n G wt a y 1,n
Ž . ² Ž Ž . .: X Ž 3.and for n - wt a y 1 we have ¤ , a I ¤ , z u s 0 for any ¤ g M *3 n 1 3 0
and ¤ g M 1. Hence we see that1
² X :¤ , I ¤ , z a uŽ .3 1 n
‘
nX Xnyi² : ² :s ¤ , a I ¤ , z u y z ¤ , I a ¤ , z u s 0,Ž . Ž .Ý3 n 1 3 i 1ž /i
is0
Ž . Ž .from the Jacobi identity 2.4 . Thus a u g W for all n - wt a y 1. Sincen
2 2 ŽM is irreducible, M is spanned by a u for homogeneous a g V seen
w x. 2DM , and then W s M .
Ž 3.Let w9 g M * be a nonzero element. Then for every a g V and0
n g Z, we have
² :w9, a I ¤ , z ¤Ž .Ž .n 1 2
‘
n ny i² : ² :s w9, I ¤ , z a ¤ q z w9, I a ¤ , z ¤ s 0.Ž . Ž .Ý1 n 2 i 1 2ž /i
is0
² Ž . Ž . :3Hence w9, Y a, z I ¤ , z ¤ s 0. This implies thatM 0 1 2
² U :3Y a, z w9, I ¤ , z ¤Ž . Ž .M 0 1 2
Ž .L 0z LŽy1. y2 y10² :3s w9, Y e yz a, z I ¤ , z ¤ s 0.Ž .Ž .ž /M 0 0 1 2
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² U Ž . :Therefore a w9, I ¤ , z ¤ s 0 for any a g V and n g Z, wheren 1 2
U Ž . U yny1 Ž 3.3Y a, z s Ý a z . Since M 9 is irreducible, it is spanned byM ng Z N
U X Ž 3. 1a w9 for a g V and n g Z. Then for every ¤ g M 9, ¤ g M , andn 3 1
X2 ² Ž . :¤ g M , ¤ , I ¤ , z ¤ s 0, which means I s 0.2 3 1 2
Ž .q2.3. Vertex Operator Algebra M 1
Let h be a d-dimensional vector space with a nondegenerate symmetric
ˆ y1² : w xbilinear form , , and let h s h m C t, t [ C K be a Lie algebra with
w m n x ² :the commutation relation given by h m t , h9 m t s md h, h9 K,mq n, 0
ˆ ˆq lw x w xK, h s 0. Set h s h m C t [ C K. For l g h , let Ce be a one-dimen-
ˆq w x ² :sional h -module on which h m tC t acts trivially, h acts as h, l for
ˆŽ .h g h , and K acts as 1. Let M 1, l be an h-module induced by the
ˆq lh -module Ce :
ˆ l y1 y1w xqM 1, l s U h m Ce , S h m t C t linearly .Ž . Ž .Ž . Ž .ˆUŽh .
n Ž . Ž . Ž .Denote the action of h m t h g h , n g Z on M 1, l by h n and set
Ž . Ž . yny1h z s Ý h n z . For l, m g h , we define a linear mapng Z
Ž . Ž . Ž m. lqm ŽP : M 1, m “ M 1, l q m by P u m e s u m e for u g S h mlm lm
y1 w y1 x. lt C t . Then a ¤ertex operator associated with e is defined by
l yn l nŽ . Ž .
l n yn ²l , m:I e , z s exp z exp y z P z .Ž . Ý Ýlm lmž / ž /n nngZ ngZ)0 ) 0
2.8Ž .
Ž . Ž . Ž . lThe vertex operator associated with h yn h yn ??? h yn e g1 1 2 2 k k
Ž . Ž .M 1, l n g Z , h g h is defined byi ) 0 i
I h yn h yn ??? h yn el, zŽ . Ž . Ž .Ž .lm 1 1 2 2 k k
( Žn1y1 . Žn2y1 . Žnky1 . l (s › h z › h z ??? › h z I e , z , 2.9Ž . Ž . Ž . Ž . Ž .( 1 2 k lm (
1 dŽn. n ( (Ž .where › s for n g N and the normal ordering ? is an( (n! dz
Ž . Ž .operation which reorders so that h n n - 0 , P are placed to the left ofl
Ž . Ž . Ž .h n n g N . We extend I to M 1, l by linearity. Now letlm
 4 Ž .a , a , . . . , a d s dim h be an orthonormal basis of h and set 1 s 11 2 d
0 Ž . d Ž .2 Ž . Ž Ž . .m e , v s 1r2 Ý a y1 1 g M 1, 0 . Then M 1, 0 , I , 1, v is ais1 i 00
Ž Ž . .simple vertex operator algebra with central charge d and M 1, l , I N l0l
4 Ž . Ž w x.g h gives all irreducible M 1, 0 -modules see FLM . The vertex opera-
Ž .tor algebra M 1, 0 is called the free bosonic ¤ertex operator algebra and is
Ž .denoted by M 1 .
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Ž .Let u be an automorphism of M 1 defined by
u h yn h yn ??? h yn 1Ž . Ž . Ž .Ž .1 1 2 2 k k
ks y1 h yn h yn ??? h yn 1Ž . Ž . Ž . Ž .1 1 2 2 k k
Ž . Ž .qfor h g h , n g Z . We denote the orbifold of M 1 for u by M 1 andi i ) 0
Ž . Ž .ythe y1-eigenspace of M 1 by M 1 . Then the following proposition is
w xproved in DN1 .
Ž .qPROPOSITION 2.11. The ¤ertex operator algebra M 1 is simple, and
Ž .y Ž . Ž . Ž .q Ž .M 1 , M 1, l l / 0 are irreducible M 1 -modules. Moreo¤er, M 1, l
Ž . Ž .qis isomorphic to M 1, yl as an M 1 -module.
ˆŽ . w xNext we consider the u-twisted M 1 -module. Let h y1 s h m
1r2 w y1 x wt C t, t [ C K be a Lie algebra with commutation relation h m
m n ˆx ² : w w xxt , h9 m t s md h, h9 K, K, h y1 s 0 for h, h9 g h , m, n gmq n, 0
ˆ q 1r2w x w x1r2 q Z. Set h y1 s h m t C t [ C K. Then C is viewed as an
ˆ q 1r2w x w xh y1 -module on which h m t C t acts trivially and K acts as 1. Set
ˆŽ .Ž . w xM 1 u to be the induced h y1 -module:
ˆ y1r2 y1r2w x w xqM 1 u s U h y1 m C , S h m t C t linearly .Ž . Ž . Ž .Ž .Ž . ˆUŽh wy1x .
n Ž . Ž .Ž . Ž .Denote the action of h m t h g h , n g 1r2 q Z on M 1 u by h n
Ž . Ž . yny1and set h z s Ý h n z . For l g h , a twisted ¤ertex operatorng1r2qZ
l Ž .associated with e g M 1, l is defined as
l ynŽ .
u l y²l , l:r2 nI e , z s z exp zŽ . Ýl ž /nng1r2qN
l nŽ . yn= exp y z . 2.10Ž .Ýž /nng1r2qN
Ž . Ž . Ž . l Ž . Ž .For h yn h yn ??? h yn m e g M 1, l h g h , n g Z , set1 1 2 2 k k i ) 0
W u h yn h yn ??? h yn el, zŽ . Ž . Ž .Ž .l 1 1 2 2 k k
( Žn1y1 . Žn2y1 . Žnky1 . l (s › h z › h z ??? › h z I e , zŽ . Ž . Ž . Ž .( 1 2 k l (
(Ž .and extend to a linear operator on M 1, l , where the normal ordering (
( Ž . Ž . Ž .? is an operation which sifts h n n g Z to the right and h n( ) 0
Ž . Ž .n g Z to the left. Let c g Q m, n g N be constants defined by- 0 m n
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the formal power series expansion
1r2 1r21 q x q 1 q yŽ . Ž .
m nc x y s ylog .Ý m n ž /2m , nG0
Ž .and define an operator D on M 1, l byz
d
ym ynD s c a m a n z .Ž . Ž .Ý Ýz m n i i
m , nG0 is0
Ž .Then the twisted vertex operator associated with u g M 1, l is defined by
Iu u , z s Wu eD z u , z . 2.11Ž . Ž . Ž .l l
Ž .Ž .Now define the action of u on M 1 u by
u h yn h yn ??? h yn 1Ž . Ž . Ž .Ž .1 1 2 2 k k
ks y1 h yn h yn ??? h yn 1 2.12Ž . Ž . Ž . Ž . Ž .1 1 2 2 k k
Ž .Ž .for h g h , n g 1r2 q N, and denote the "1-eigenspace of M 1 u byi i
Ž .Ž ." ŽM 1 u respectively. Then we have following proposition see Theorem
w x.2.5 of DN1 .
Ž . Ž Ž .Ž . u . Ž .PROPOSITION 2.12. 1 M 1 u , I is an irreducible u-twisted M 1 -0
module.
Ž . Ž Ž .Ž ." u . Ž .q2 M 1 u , I are irreducible M 1 -modules.0
From now on, we consider the case dim h s 1 and set a s h. For1
Ž . Ž . Ž .l g C, we denote the irreducible M 1 -module M 1, lh by M 1, l and
elh by el.
Ž .4 Ž . Ž . Ž .hŽ .2 Ž .qSet J s h y1 1 y 2h y3 h y1 1 q 3r2 y2 1 g M 1 which is
the lowest weight vector of weight 4 for a Virasoro algebra. Then the
Ž .q Ž w x.vertex operator algebra M 1 is generated by v and J see DG , and
Ž Ž .q. w x w xthe Zhu algebra A M 1 is generated by v and J . More precisely,
; qw x Ž Ž . . w xthere is an isomorphism C x, y rI “ A M 1 , x q I ‹ v , y q I ‹
w x Ž 2 .ŽJ , where I is an ideal generated by two polynomials y y 4 x q x 70 y
2 . Ž 2 .Ž .Ž .Ž .q 908 x y 515x q 27 and y y 4 x q x x y 1 x y 1r16 x y 9r16
Ž w x.see DN1, Theorem 4.4 .
w xIn DN1, Theorem 4.5 , all equivalence classes of irreducible N-gradable
Ž .qM 1 -modules are classified as follows:
 Ž ." Ž .Ž ." Ž . Ž Ž ..THEOREM 2.13. The set M 1 , M 1 u , M 1, l , M 1, yl ;
Ž .4 Ž .ql / 0 gi¤es all inequi¤alent irreducible M 1 -modules.
Ž .qLet M be an irreducible M 1 -module. Then the homogeneous space
Ž .of the lowest weight written by a g C is one-dimensional, and M hasM
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TABLE I
w x w xThe Basis of Top Levels and the Eigenvalues of v and J
q y q yŽ . Ž . Ž . Ž . Ž .Ž . Ž .Ž .M M 1 M 1 M 1, l l / 0 M 1 u M 1 u
lŽ . Ž .¤ 1 h y1 1 e 1 h y1r2 1M
2a 0 1 l r2 1r16 9r16M
4 2b 0 y6 l y l r2 3r128 y45r128M
Ž .naturally an N-gradation defined by M s M a q n for any n g N,n M
Ž .where M l is the homogeneous space of weight l of M. One of the basis
Ž .written by ¤ of M is given in Table I, and we denote the dual basis ofM 0
Ž . X w xM * corresponding to ¤ by ¤ . Since M is one-dimensional, J also0 M M 0
acts on this space as a scalar denoted by b g C.M
Ž .3. A SPANNING SET OF A M
This section is divided into three subsections. In the first subsection, we
Ž .qdescribe the irreducible decompositions of irreducible M 1 -modules as
modules for the Virasoro algebra. In the second subsection we prove some
Ž .lemmas. In last subsection we give a spanning set of A M for the
Ž .qirreducible M 1 -module M.
Ž .q3.1. Irreducible Decompositions of Irreducible M 1 -Modules
Let W be a module for the Virasoro algebra with central charge c g C
Ž .such that L 0 acts on W semisimply and each eigenspace is finite
dimensional. Then the formal character of W is defined by
LŽ0.ycr24 ycr24 l  4ch s tr q s q dim W l q g Z z ,Ž .Ž .ÝW W
lgC
Ž . Ž . Ž .where W l is the eigenspace of weight l for L 0 . Let L 1, l be the
irreducible lowest weight module for Virasoro algebra with central charge
Ž .1 and lowest weight l. Then the formal character of L 1, l is given by
¡ l 2q n
if l / for any n g Z
h q 4Ž .~ch sLŽ1 , l. 21 n2 2n r4 Žnq2. r4q y q if l s for some n g N,Ž .¢h q 4Ž .
3.1Ž .
Ž . 1r24 ‘ Ž n. Ž w x.where h q s q Ł 1 y q is the Dedekind h-function see KR .ns1
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Ž . Ž . Ž .It is well known that the irreducible M 1 -module M 1, l l g C is a
completely reducible module for the Virasoro algebra, and decomposes
into a direct sum of irreducible modules for the Virasoro algebra as
Ž w x w x.follows see WY , KR :
¡ 2 2 2l l n
L 1, if / for any n g Zž /2 2 4~M 1, l sŽ . 2 2 2n q 2 p l nŽ .
‘[ L 1, if s for some n g N.ps0¢ ž /4 2 4
3.2Ž .
w x Ž .qFurthermore, in DG it is shown that the irreducible M 1 -modules
Ž ."M 1 are also completely reducible as modules for the Virasoro algebra,
and the irreducible decompositions are given by
‘ ‘
q y 22M 1 s L 1, 4 p , M 1 s L 1, 2 p q 1 . 3.3Ž . Ž . Ž . Ž .Ž . Ž .[ [
ps0 ps0
Ž .q Ž .Ž ."We show that the irreducible M 1 -modules M 1 u are also com-
pletely reducible as modules for the Virasoro algebra. To do this, we
Ž .Ž .consider the character of M 1 u .
LEMMA 3.1. We ha¤e
‘ 1r16y1r24 ‘q 1 2Ž2 pq1. r16ch s s q . 3.4Ž .1Ł ÝM Ž1.Žu . ky 2 h qŽ .1 y qks1 Ž . ps0
Proof. The first equality is clear by the fact that the weight space of
Ž Ž . .weight n n g 1r16 q 1r2 Z has a basis
1h ym ??? h ym 1 N k g N, m g q N,Ž . Ž . 1 k i 2
m G m G ??? G m ) 0, m q ??? qm s n .41 2 k 1 k
To prove the second equality, we have to show that
‘ k ‘1 y qŽ .
pŽ pq1.r4s q . 3.5Ž .Ł Ýky1r21 y qŽ .ks1 ps0
‘ Ž 2 n.Ž 2 ny1 .Ž 2 ny1 y1.From Jacobi’s triple product Ł 1 y q 1 q q z 1 q q z sns1
Ý q n
2
z n, we seeng Z
‘ ‘
24 n 2 n n qn1 y q 1 q q s qŽ . Ž .Ł Ý
ns1 ns0
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by substituting z s q. Replacing q with q1r4, we have
‘ ‘
2n n r2 Žn qn.r41 y q 1 q q s q .Ž . Ž .Ł Ý
ns1 ns0
On the other hand, direct calculations show
‘ k ‘1 y qŽ .
k k r2s 1 y q 1 q q .Ž . Ž .Ł Łky1r21 y qŽ .ks1 ks1
Ž .Thus the equality 3.5 holds.
Ž . Ž .Ž . Ž .Ž .We define an hermitian form N : M 1 u = M 1 u “ C by
p p q qk 1 l 1h ym ??? h ym 1 N h yn ??? h yn 1Ž . Ž . Ž . Ž .Ž .k 1 l 1
pikŁ m p ! if k s l and m s n , p s q for all 1 F i F kŽ .is1 i i i i i is ½ 0 otherwise,
for k, l g N, m , n g 1r2 q N, m G ??? G m , n G ??? G n , and p ,i j k 1 l 1 i
Ž .q g N 1 F i F k, 1 F j F l . Then we can check that the hermitian formj
Ž . Ž .Ž .N is a nondegenerate positive-definite contravariant form on M 1 u .
Ž .Ž .Thus M 1 u is a unitary representation of the Virasoro algebra and is
completely reducible as a module for the Virasoro algebra. Let
[m hM 1 u s L 1, h , m g N,Ž . Ž . Ž .[ h
hgC
Ž .Ž .be the irreducible decomposition of M 1 u as a Virasoro algebra mod-
ule, where
mh! # "
[m hL 1, h s L 1, h [ ??? [ L 1, h .Ž . Ž . Ž .
Ž .Ž . Ž .Since weights which appear in M 1 u are in 1r16 q 1r2 Z, we may
assume that
[m hM 1 u s L 1, h , m g N.Ž . Ž . Ž .[ h
1 1hg q Z16 2
In addition, we can show that 1r16 q nr2 / m2r4 for any n, m g Z. By




hch s m q , m g N.ÝM Ž1.Žu . h hh qŽ . 1 1hg q Z16 2
Ž .Comparing with 3.4 , we have
2¡ 2 p q 1Ž .
1 if h s for some p g N~m sh 16¢
0 otherwise.
Ž .Ž .Consequently we have irreducible decomposition of M 1 u ,
2‘ 2 p q 1Ž .
M 1 u s L 1, .Ž . Ž . [ ž /16ps0
Ž .q Ž .Ž . Ž .Ž ."PROPOSITION 3.2. M 1 -modules M 1 u and M 1 u are completely
reducible as modules for the Virasoro algebra, and the irreducible decomposi-
tions are gi¤en by
2‘ 2 p q 1Ž .
M 1 u s L 1, , 3.6Ž . Ž . Ž .[ ž /16ps0
2 2‘ 8 p q 1 8 p q 7Ž . Ž .q
M 1 u s L 1, [ L 1, , 3.7Ž . Ž . Ž .[ ž / ž /ž /16 16ps0
2 2‘ 8 p q 3 8 p q 5Ž . Ž .y
M 1 u s L 1, [ L 1, . 3.8Ž . Ž . Ž .[ ž / ž /ž /16 16ps0
Ž .Proof. We have already proved the irreducible decomposition 3.6 . By
Ž .Ž ." Ž .Ž .q Ž Ž .Ž .y.the definitions of M 1 u , M 1 u M 1 u is spanned by all
Ž . Žhomogeneous vectors whose weights are in 1r16 q 1r2 Z resp. 9r16 q
Ž . . Ž Ž .2 .1r2 Z . Since each weight which appears in L 1, 2 p q 1 r16 is in
Ž .2 Ž .2 Ž . Ž2 p q 1 r16 q Z, we see that if 2 p q 1 r16 is in 1r16 q 1r2 Z resp.
Ž . . Ž Ž .2 . Ž .Ž .q Ž9r16 q 1r2 Z , then L 1, 2 p q 1 r16 is contained in M 1 u resp.
Ž .Ž .y.M 1 u . On the one hand, we have
22 p q 1Ž . 1r16 mod Z if p s 0, 3 mod 4Ž . Ž .
s ½ 9r16 mod Z if p s 1, 2 mod 4 .16 Ž . Ž .
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Thus we see that
‘
q2 2L 1, 8 p q 1 r16 [ L 1, 8 p q 7 r16 ; M 1 u , 3.9Ž . Ž . Ž . Ž . Ž .Ž . Ž .[ ž /
ps0
‘
y2 2L 1, 8 p q 3 r16 [ L 1, 8 p q 5 r16 ; M 1 u . 3.10Ž . Ž . Ž . Ž . Ž .Ž . Ž .[ ž /
ps0
Ž .Ž . Ž .Ž .q Ž .Ž .y Ž .Since M 1 u s M 1 u [ M 1 u , the irreducible decomposition 3.6
Ž . Ž .shows that the inclusions of 3.9 and 3.10 are equal.
Ž . Ž . Ž . Ž .From irreducible decompositions 3.2 , 3.3 , 3.7 , and 3.8 , we can see
Ž .q Ž ." Ž .Ž ."that formal characters of irreducible M 1 -modules M 1 , M 1 u ,
Ž . Ž .and M 1, l l / 0 are distinct. So together with Theorem 2.13, we have
the following lemma.
Ž .qLEMMA 3.3. Let M, N be irreducible M 1 -modules such that the formal
character of M coincides with that of N. Then M is isomorphic to N.
Ž .qIn particular, if M is an irreducible M 1 -module, then the character
of its contragredient module M9 is the same as that of M. Thus Lemma
3.3 shows that M and its contragredient module M9 are isomorphic as
Ž .qM 1 -modules. Together with Proposition 2.6, we thus have the following
proposition.
i Ž . Ž .qPROPOSITION 3.4. Let M i s 1, 2, 3 be irreducible M 1 -modules.
M 3  41 2Then the fusion rule N is in¤ariant under the permutation of 1, 2, 3 .M M
3.2. Some Useful Lemmas
Ž .LEMMA 3.5. Let M, Y be an N-gradable V-module. Then the followingM
hold for any a g V homogeneous, u g M, and homogeneous ¤ector ¤ g M of
Ž .weight wt ¤ :
Ž .1 For all m, n g N such that n G m,
Ž .wt a qm1 q zŽ .
Res Y a, z u g O M .Ž . Ž .z M2qnz
Ž . w Ž . x Ž .ny1w2 For any n g Z , L yn ¤ s y1 v )¤ y n¤ ) v y) 0
Ž . xwt ¤ ¤ .
w xProof. Part 1 is shown in Lemma 1.5.3 in FZ . For Part 2, we can show
that
ny1L yn ¤ s y1 L y1 y n y 1 L y2 q L y1 ¤Ž . Ž . Ž . Ž . Ž . Ž .Ž .Ž .
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for all u g M and n g Z by induction on n and Part 1. Hence) 0
ny1L yn ¤ s y1 L y2 q 2 L y1 q L 0 y n L y2Ž . Ž . Ž . Ž . Ž . Ž .ŽŽ
qL y1 y L 0 ¤Ž . Ž .. .
ny1s y1 v )¤ y n¤ ) v y wt ¤ ¤ .Ž . Ž .
LEMMA 3.6. Let M be a V-module and let U be a subspace of M such that
a)U ; U and U) a ; U hold for any a g V. If a g V homogeneous of
Ž .positi¤e weight and u g U satisfy that a u g U q O M for any 1 F n Fn
Ž . Ž . Ž .wt a y 1, then a u g U q O M for all n F wt a y 1. In particular, ifn
Ž . Ž .u g M is homogeneous, then L yn u g U q O M for any n g N.
Proof. We show that
a u g U q O M , 3.11Ž . Ž .yn
for any n g N by induction on n. From the assumption of this lemma, we
have
Ž .wt a y1 wt a y 1Ž .a u s a)u y u) a y a u g U q O M .Ž .Ý0 iž /iis1
Ž .So 3.11 holds for n s 0. In the case n s 1, we have
Ž .wt a y1 wt a y 1Ž .a u s u) a y a u.Ýy1 iy1ž /iis1
Ž . Ž . Ž .Since a u g U q O M for every 0 F n F wt a y 1, we see that 3.11n
Ž .holds for n y 1. Assume that l g Z and 3.11 holds for any 0 F n F l.) 0
Ž .Then by Lemma 3.5 1 ,
Ž .wt a y1 wt aŽ .a u q a u g O M .Ž .Ýyly1 iyly1ž /iis1
Ž .By induction hypothesis, we have a u g U q O M .yny1
Let M be a V-module. We define a linear endomorphism f : M “ MM
by
f u s e LŽ1.ep i LŽ0.uŽ .M
for u g M. We remark that the operator f induces an anti-automor-V
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Ž . w x Ž w x.phism on A V given in Z see also DLM1 . The proof is similar to that
w xof DLM1 .
PROPOSITION 3.7. The linear map f : M “ M satisfies the propertiesM
f a)u s f u )f a , f u) a s f a )f u ,Ž . Ž . Ž . Ž . Ž . Ž .M M V M V M
f a(u s yf a (f u ,Ž . Ž . Ž .M V M
for any a g V and u g M.
w xProof. One can find in FHL the conjugation formulas
z LŽ0.Y a, z zyL Ž0. s Y z LŽ0.a, z z ,Ž . Ž .1 M 0 1 M 1 1 0
z0Ž .y2 L 0z LŽ1. yz LŽ1. z Ž1yz z .LŽ1.1 1 1 1 0e Y a, z e s Y e 1 y z z a,Ž . Ž .M 0 M 1 0ž /1 y z z1 0
for every a g V. So we have
Ž .wt a qn1 q zŽ .0 LŽ1. p i LŽ0.Res e e Y a, z uŽ .z M 0m0 z0
Ž .wt a qn1 q zŽ .0s Res Yz Mm0 z0
yz0Ž .y2wt aŽ1qz .LŽ1. p i LŽ0.0= e 1 q z e a, f uŽ . Ž .0 Mž /1 q z0
Ž .for every m, n g Z, a g V, and u g M. Here we replace yz r 1 q z0 0
Ž w x.with w and apply the formula for a change of variables see Z ,
d
Res g w s Res g f z f z ,Ž . Ž . Ž .Ž .w z ž /dz
Ž . ŽŽ .. Ž . ww xxwhere g w g M w and f z g C z . Then we have
Ž .wt a qn1 q zŽ .0 LŽ1. p i LŽ0.Res e e Y a, z uŽ .z M 0m0 z0
Ž .wt a ynqmy21 q wŽ .mq 1s y1 Res YŽ . w Mmw
yk‘ 1 q wŽ . k p i LŽ0.= L 1 e a, w f uŽ . Ž .Ý Mž /k!ks0
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Ž .wt a ynqmy2yk‘ 1 q wŽ .mq 1s y1 Res YŽ . Ý w Mmwks0
kL 1Ž .
p i LŽ0.= e a, w f u .Ž .Mž /k!
Hence if we take m s 1 and n s 0, then
Ž . kwt a y1yk‘ 1 q w L 1Ž . Ž .
p i LŽ0.f a)u s Res Y e a, w f uŽ . Ž .ÝM w M Mž /w k!ks0
k‘ L 1Ž .
p i LŽ0.s f u ) e aŽ .Ý M ž /k!ks0
s f u )f a .Ž . Ž .M V
Ž . Ž . Ž .Similarly, if we take m s 1 and n s y1, then f u) a s f a )f u ,M V M
Ž . Ž . Ž .and if m s 2 and k s 0, then f a(u s yf a (f u .M V M
Ž . Ž .Thus f induces a linear map on A M also denoted by f such thatM M
Žw x. Žw x. Žw x. Žw x. Žw x. Žw x.f a)u s f u )f a , f u) a s f a )f u hold forM M V M V M
all a g V and u g M.
Let M be a weak V-module. An element u g M is called a lowest weight
Ž . Ž . Ž .¤ector of weight wt u g C if L n u s wt u d u for any n g N. If a g Vn, 0
is a lowest weight vector, we have the commutation relation
L m , a s wt a y 1 m q 1 y n a , for m , n g Z.Ž . Ž . Ž .Ž .Ž .n mqn
3.12Ž .
LEMMA 3.8. Let M be a V-module, and let a g V and ¤ g M be lowest
weight ¤ectors. Then the subset of M spanned by ¤ectors a a ??? a ¤ ,n n n1 2 k
Ž . Ž .k g Z and n g Z i s 1, 2, . . . , k , is in¤ariant under the action of L n) 0 i
for n g N.
 4Proof. Set U s Span a a ??? a ¤ N k g Z , n g Z . To shown n n ) 0 i1 2 k
Ž . Ž .L n U ; U for all n g N, we prove that L n a a ??? a ¤ g U for anyn n n1 2 k
Ž .n g Z. By the commutation relation 3.12 , we havei
k
L n a a ??? a ¤ s a ??? L n , a ??? a ¤ q a a ??? a L n ¤Ž . Ž . Ž .Ýn n n n n n n n n1 2 k 1 i k 1 2 k
is1
k
s wt a y 1 n q 1 y n a ??? a ??? a ¤Ž . Ž .Ž .Ž .Ý i n n n1 iqn k
is1
q a a ??? a L n ¤ . 3.13Ž . Ž .n n n1 2 k
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Ž . Ž . Ž .Since L n ¤ s wt ¤ d ¤ for n g N, the right-hand side of 3.13 is in U.n, 0
LEMMA 3.9. Let M, a, and ¤ be as in Lemma 3.8. Then the subspace of
M spanned by the ¤ectors
L ym L ym ??? L ym a a ??? a ¤ ,Ž . Ž . Ž .1 2 k n n n1 2 l
k , l g N, m g Z , n g Z, 3.14Ž .i ) 0 j
Ž . Ž . Ž .is in¤ariant under the actions of L n n g Z and a m g Z .m
Ž .Proof. Set U to be the subspace of M spanned by vectors 3.14 . By the
Ž .Poincare]Birkhoff]Witt PBW Theorem for the Virasoro algebra and´
Ž .Lemma 3.8, we see that U is invariant under the action of L n for n g Z.
Using induction on k, we prove that
a L ym L ym ??? L ym a a ??? a ¤ g U, 3.15Ž . Ž . Ž . Ž .m 1 2 k n n n1 2 l
for any k, l g N, m, m g Z , and n g Z. The case k s 0 is clear.i ) 0 j
Ž . Ž .Assume that 3.15 holds for k s p g N. Then if we put ¤ 9 s L ym ???2
Ž .L ym a a ??? a ¤ , we havepq1 n n n1 2 l
a L ym ¤ 9 s y L ym , a ¤ 9 q L ym a ¤ 9Ž . Ž . Ž .m 1 1 m 1 m
s wt a y 1 m q 1 q m a ¤ 9 q L ym a ¤ 9.Ž . Ž . Ž .Ž .Ž .1 nym 1 m1
By the induction hypothesis and the previous paragraph, a ¤ 9, a ¤ 9,nym m1
Ž . Ž .and L ym a ¤ 9 belong to U. Hence 3.15 holds for k s p q 1.1 m
Ž .3.3. A Spanning Set of A M
Ž .qLet M be an irreducible M 1 -module. Then from Lemma 3.9, the
subspace of M spanned by vectors
L ym L ym ??? L ym J J ??? J ¤ 3.16Ž . Ž . Ž . Ž .1 2 k n n n M1 2 l
for k, l g N, m g Z , and n g Z is invariant under the actions ofi ) 0 j
Ž .L m and J for all m, n g Z, where ¤ is the lowest weight vector of Mn M
Ž .qgiven in Table I. Since M 1 is generated by v and J, this subspace is
Ž .q Ž .qinvariant under the action of M 1 . Thus this is an M 1 -submodule of
M. By the irreducibility of M, we have the following lemma.
Ž .qLEMMA 3.10. An irreducible M 1 -module M is spanned by ¤ectors
Ž .3.16 .
One of main results of this subsection is the following proposition.
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Ž .qPROPOSITION 3.11. Let M be an irreducible M 1 -module. Suppose that
there exists a lowest weight ¤ector u g M such that for any n g Z , J ¤) 0 n M
and J u belong to the submodule for the Virasoro algebra of M generated by ¤n M
and u. Then M is spanned by the set
q
a)¤ ) b , a)u) b N a, b g M 1 q O M . 3.17Ž . Ž . Ž . 4M
To prove the proposition, we need some lemmas. The proof of the
proposition is given after Lemma 3.14.
Ž .qLEMMA 3.12. Let M be an M 1 -module. Then for any m, n g Z, the
w xcommutator J , J is a linear combination ofm n
L m L m ??? L m J and L n L n ??? L n ,Ž . Ž . Ž . Ž . Ž . Ž .1 2 p m 1 2 qpq 1
for m , n g Z.
Proof. This is proved by an argument similar to that for Lemma 3.1 of
w xDN1 .
LEMMA 3.13. Let u g M be a lowest weight ¤ector and set U to be theM , u
Ž .subspace of M spanned by the set 3.17 . Fix a positi¤e integer l. Suppose that
for any 1 F k F l and n , . . . , n g Z, J ??? J ¤ and J ??? J u lie in1 k n n M n n1 k 1 k
U . Then for any 1 F k F l, 1 F j F k, s g Z , and p , . . . , p g Z, weM , u ) 0 1 s
ha¤e
J ??? J L p ??? L p J ??? J ¤ ,Ž . Ž .n n 1 s n n M1 j jq1 k
J ??? J L p ??? L p J ??? J u g U .Ž . Ž .n n 1 s n n M , u1 j jq1 k
Proof. Let ¤ be either ¤ or u. We have to show thatM
J ??? J L p ??? L p J ??? J ¤ g U , 3.18Ž . Ž . Ž .n n 1 s n n M , u1 jy1 j k
for any s g Z and n , . . . , n , p , . . . , p g Z. By the PBW Theorem for) 0 1 k 1 s
the Virasoro algebra, we may assume that p F p F ??? F p . If p G 0,1 2 s 1
Ž .then p G 0. Then we view 3.18 as follows:s
J ??? J L p ??? L p J ??? J ¤Ž . Ž .n n 1 s n n1 jy1 j k
k
s J ??? J L p ??? L p J ??? L p , J ??? J ¤Ž . Ž . Ž .Ý n n 1 sy1 n s n n1 jy1 j i k
isj
q J ??? J L p ??? L p J ??? J L p ¤Ž . Ž . Ž .n n 1 sy1 n n s1 jy1 j k
k
s 3 p q 1 y n J ??? J L p ??? L p JŽ . Ž . Ž .Ž .Ý s i n n 1 sy1 n1 jy1 j
isj
??? J ??? J ¤p qn ns i k
q wt ¤ d J ??? J L p ??? L p ??? J ¤ .Ž . Ž . Ž .p , 0 n n 1 sy1 ns 1 jy1 k
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If p - 0, then we view it as follows:1
J ??? J L p ??? L p J ??? J ¤Ž . Ž .n n 1 s n n1 jy1 j k
jy1
s y J ??? L p , J ??? J L p ??? L p J ??? J ¤Ž . Ž . Ž .Ý n 1 n n 2 s n n1 i jy1 j k
is1
q L p J ??? J L p ??? L p J ??? J ¤ .Ž . Ž . Ž .1 n n 2 s n n1 jy1 j k
jy1
s y 3 p q 1 y n J ??? J ??? J L pŽ . Ž .Ž .Ý 1 i n p qn n 21 1 i jy1
is1
??? L p J ??? J ¤Ž .s n nj k
q L p J ??? J L p ??? L p J ??? J ¤ .Ž . Ž . Ž .1 n n 2 s n n1 jy1 j k
Ž .Hence by using induction on s, we see that 3.18 follows from Lemma 3.6.
LEMMA 3.14. Let M and u be as in Proposition 3.11. Then for any positi¤e
Ž .integer l and n g Z i s 1, . . . , l , we ha¤e J ??? J ¤ , J ??? J u g U ,i n n M n n M , u1 l 1 l
where U is the subset of M defined in Lemma 3.13.M , u
Proof. Let ¤ be either ¤ or u. By using induction on l, we proveM
J ??? J ¤ g U , 3.19Ž .n n M , u1 l
for any n g Z. In the case l s 1, the assumptions of this lemma imply thati
Ž X .for any positive integer n, J ¤ is a linear combination of L ym ???n 1
Ž X . Ž X . Ž X . X XL ym ¤ and L yn ??? L yn u for m , n g Z . Hence by Lemmap M 1 q i j ) 0
Ž . Ž .3.5 2 , J u g U holds for any n g Z . Thus 3.19 for l s 1 followsn M , u ) 0
Ž .from Lemma 3.6. Assume that p g Z and that 3.19 holds for any) 0
Ž .l F p. Then we have to show 3.19 for l s p q 1. By the induction
hypothesis, J ??? J ¤ g U . Hence by Lemma 3.6, it is sufficient ton n M , u2 pq1
Ž .prove that 3.19 for l s p q 1 holds for any n g Z . Then we have1 ) 0
pq1
J ??? J ¤ s J ??? J , J ??? J ¤ q J ??? J J ¤ . 3.20Ž .Ýn n n n n n n n n1 pq1 2 1 i pq1 2 pq1 1
is2
w x Ž X .By Lemma 3.12, J , J is expressed by a linear combination of L m ???n n 11 i
Ž X . Ž X . Ž X . X XXL m J and L n ??? L n for m , n g Z, and J ¤ can be expressedq m 1 r i j nqq 1 1
Ž Y . Ž Y . Ž Y .by a linear combination of L ym ??? L ym ¤ and L yn ???1 s M 1
Ž Y . Y YL yn u for m , n g Z by assumption of this lemma. Hence by thet i j ) 0
induction hypothesis and Lemma 3.13, the right-hand side of the equality
Ž .3.20 lies in U .M , u
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Now we prove Proposition 3.11.
Proof of Proposition 3.11. Let U be the same set as in Lemma 3.13.M , u
Then we show M s U . By Lemma 3.10, it is enough to show thatM , u
L ym L ym ??? L ym J J ??? J ¤ g U 3.21Ž . Ž . Ž . Ž .1 2 k n n n M M , u1 2 l
for any m g Z and n g Z. But Lemma 3.14 tells us that J ??? J ¤i ) 0 j n n M1 l
Ž .g U , and since the vectors of this form are homogeneous, 3.21 followsM , u
from Lemma 3.6.
Ž ." Ž . Ž . Ž .Ž .qWe consider the case M s M 1 , M 1, l l / 0, 1r2 , and M 1 u .
Ž .Since deg J ¤ s 3 y n F 2 if n G 1, by the irreducible decompositionn M
Ž . Ž . Ž . Ž .3.2 , 3.3 , and 3.7 , J ¤ n G 1 lies in the submodule for the Virasoron M
algebra of M generated by ¤ . Thus if we take u s ¤ in PropositionM M
 Ž .q4 Ž . Ž .3.11, we have M s Span a)¤ ) b N a, b g M 1 q O M , then A MM
w x Ž Ž .q.is generated by ¤ as an A M 1 -bimodule.M
Ž . Ž 2 . Ž .In the case M s M 1, l l s 1r2 , by 3.2 we have the irreducible
Ž . Ž . Ž .decomposition M s L 1, 1r4 [ L 1, 9r4 [ L 1, 25r4 [ ??? . Now let u
Ž . Ž .be the lowest weight vector of L 1, 9r4 , then deg J ¤ s 3 y n F 2 andn M
Ž .deg J u s 5 y n F 4 for any positive integer n. Hence J ¤ and J un n M n
Ž . Ž . Ž .n G 1 lie in L 1, 1r4 [ L 1, 9r4 . Thus Proposition 3.11 implies that
Ž .  Ž .q4 Ž .M 1, l s Span a)¤ ) b, a)u) b N a, b g M 1 q O M . In this case,M
Ž Ž .. w x w x Ž Ž .q.A M 1, l is generated by ¤ and u as an A M 1 -bimodule.M
Ž .Ž .y Ž .In the remaining case M s M 1 u , by 3.8 , we have the irreducible
Ž . Ž . Ž .decomposition M s L 1, 9r16 [ L 1, 25r16 [ L 1, 121r16 [ ??? . Let
Ž . Ž .u9 be the lowest weight vector of L 1, 25r16 , then deg J ¤ s 3 y n F 2n M
Ž .and deg J u9 s 4 y n F 3 for any positive integer n. Hence J ¤ andn n M
Ž . Ž . Ž .J u9 n G 1 are in L 1, 9r16 [ L 1, 25r16 . Thus by Proposition 3.11,n
Ž .Ž .y  Ž .q4 Ž .M 1 u s Span a)¤ ) b, a)u9) b N a, b g M 1 q O M , andM
Ž Ž .Ž .y. w x w x Ž Ž .q.A M 1 u is generated by ¤ and u9 as an A M 1 -bimodule.M
Summarizing, we have the following proposition.
Ž .qPROPOSITION 3.15. Let M be an irreducible M 1 -module. Then the
following hold.
Ž . Ž ." Ž . Ž 2 . Ž .Ž .q Ž .1 If M s M 1 , M 1, l l / 0, 1r2 , or M 1 u , then A M is
w x Ž Ž .q.generated by ¤ as an A M 1 -bimodule.M
Ž . Ž . Ž 2 . Ž . w x2 If M s M 1, l l s 1r2 , then A M is generated by ¤ andM
w x Ž Ž .q.u as an A M 1 -bimodule, where u is the lowest weight ¤ector of weight
9r4.
Ž . Ž .Ž .y Ž . w x w x3 If M s M 1 u , then A M is generated by ¤ and u9 as anM
Ž Ž .q.A M 1 -bimodule, where u9 is the lowest weight ¤ector of weight 25r16.
Ž .qRemark 3.16. If M is the vertex operator algebra M 1 itself, this
Ž .qresult is clear because one has a)1 s a s 1) a for all a g M 1 .
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As a corollary of Proposition 3.15, we have:
Ž .qCOROLLARY 3.17. Let M, N, L be irreducible M 1 -modules.
Ž . Ž ." Ž . Ž 2 . Ž .Ž .q L1 If M s M 1 , M 1, l l / 0, 1r2 , or M 1 u , then N F 1.M N
Ž . Ž . Ž 2 . Ž .Ž .y L2 If M s M 1, l l s 1r2 or M 1 u , then N F 2.M N
Ž . w xw x w xProof. If A M is generated by n vectors ¤ ¤ , . . . , ¤ as an1 2 n
Ž Ž .q. Ž . Ž .A M 1 -bimodule, then the contraction L * ? A M ? N is spanned by0 0
X w x X w x Ž .n vectors ¤ m ¤ m ¤ , . . . , ¤ m ¤ m ¤ . Hence we have dim L * ?L 1 N L n N C 0
Ž .A M ? N F n. On the other hand, by Proposition 2.10,0
N L F dim L * ? A M ? N * s dim L * ? A M ? N F n.Ž . Ž . Ž . Ž .Ž .M N C 0 0 C 0 0
Thus the corollary follows from Proposition 3.15.
4. FUSION RULES
This section consists of two subsections. In the first subsection we prove
Ž .qsome propositions which give triples of irreducible M 1 -modules whose
fusion rules are nonzero and state the main theorem. In the second
subsection we prove the main theorem.
4.1. Main Theorem
Ž . lm Ž Ž . ŽRecall the linear map I : M 1, l “ z Hom M 1, m , M 1, l qlm
..ww y1 xx Ž . Ž .m z, z defined in 2.8 and 2.9 for l, m g C. By the arguments of
w xSection 8.6 of FLM , we see that I is an intertwining operator of typelm
M 1, l q mŽ .
.ž /M 1, l M 1, mŽ . Ž .
m Ž .Since e g M 1, m , we have0
lh ynŽ .
l m lm n lqmI e , z e s z exp z e ,Ž . Ýlm ž /nnG0
and its coefficient of z ln is elqm which is nonzero. Thus this intertwining
operator I is nonzero. This implies that the fusion rule N M Ž1, lqm . islm M Ž1, l.M Ž1, m .
nonzero for any l, m g C. By Proposition 2.11, there exists an isomor-
Ž . Ž . Ž .qphism f from M 1, m onto M 1, ym of M 1 -modules. We define a
linear map
yl m y1w xY ( f : M 1, l “ z Hom M 1, m , M 1, l y m z , z ,Ž . Ž . Ž .Ž .Ž .l
u ‹ Y ( f u , z s Y u , z ( f .Ž . Ž .l l
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Then we can easily see that Y ( f gives a nonzero intertwining operator ofl
type
M 1, l y mŽ .
.ž /M 1, l M 1, mŽ . Ž .
Thus the following proposition holds.
PROPOSITION 4.1. For l, m, n g C, the fusion rule N M Ž1, n . is nonzeroM Ž1, l.M Ž1, m .
2 Ž .2if n s l " m .
In particular, if l s 0 we have that N M Ž1, n . is nonzero if m2 s n 2. InM Ž1.M Ž1, m .
fact, we have the following proposition.
PROPOSITION 4.2. For m, n g C such that m2 s n 2, the fusion rules
N M Ž1 , n ."M Ž1. M Ž1 , m .
are nonzero. Furthermore, the fusion rules
N M Ž1.
"
q " and N M Ž1.
.
y "M Ž1. M Ž1. M Ž1. M Ž1.
are nonzero.
Ž Ž . . Ž .Proof. Since M 1, m , I is an irreducible M 1 -module, I gives0m 0m
nonzero intertwining operators of types
M 1, mŽ .
"ž /M 1 M 1, mŽ . Ž .
w x Ž . Ž .by Proposition 11.9 of DL . Because M 1, ym is isomorphic to M 1, m
Ž .qas an M 1 -module, the first statement holds. If m s 0, then Y s I00
gives nonzero intertwining operators of types
M 1Ž .
."ž /M 1 M 1Ž . Ž .
Ž . Ž . Ž Ž . .Since u is an automorphism of M 1 , we have u Y a, z u s Y u a , z for
Ž . Ž . Ž ." Ž ."ŽŽ ..every a g M 1 . This implies that Y a, z M 1 ; M 1 z for every
Ž .q Ž . Ž ." Ž ..ŽŽ .. Ž .ya g M 1 and Y a, z M 1 ; M 1 z for every a g M 1 . Thus Y
gives nonzero intertwining operators of types
." M 1Ž .M 1Ž .
and .yq "" ž /ž / M 1 M 1Ž . Ž .M 1 M 1Ž . Ž .
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u Ž . Ž Ž .Ž .. 4Next we recall the linear map I : M 1, l “ End M 1 u z definedl
Ž . Ž . w x uin 2.10 and 2.11 . The arguments of Chapter 9 of FLM show that I isl
an intertwining operator of type
M 1 uŽ . Ž .
.ž /M 1, l M 1 uŽ . Ž . Ž .
Ž .Ž . Ž .Ž ."Let p be projections from M 1 u onto M 1 u and let i be" "
Ž .Ž ." Ž .Ž .inclusions from M 1 u into M 1 u respectively. Define a linear map
p ( Iu ( i byb l a
a bu  4p ( I ( i : M 1, l “ Hom M 1 u , M 1 u z ,Ž . Ž . Ž . Ž . Ž .Ž .ž /b l a
u ‹ p ( Iu ( i u , z s p Iu u , z i ,Ž . Ž .Ž .b l a b l a
where a , b are q or y. Then we have the following lemma.
 4 uLEMMA 4.3. For any a , b g q, y , p ( I ( i is a nonzero intertwin-b l a
ing operator of type
bM 1 uŽ . Ž .
if l / 0.
už /M 1, l M 1 uŽ . Ž . Ž .
Proof. It is clear that p ( Iu ( i is an intertwining operator of typeb l a
bM 1 uŽ . Ž .
.až /M 1, l M 1 uŽ . Ž . Ž .
We next show that p ( Iu ( i is nonzero if l / 0. By direct calculation,b l a
yl 2 r2 u Ž l .we can see that the coefficient of z in I e , z 1 is 1 and that ofl
yl2 r2q1r2 Ž . yl2 r2y1r2z is lh y1r2 1, and the coefficient of z in
u Ž l . Ž . yl 2 r2q1 Ž . 2 Ž .I e , z h y1r2 1 is yl1 and that of z is y 2r3 l h y3r2 1 ql
2Ž 2 . Ž .32l 1 y 3r2l h y1r2 1. If l / 0, all of these coefficients are nonzero.
u Ž l .  4This proves that p ( I ( i e , z is nonzero for all a , b g q, y if l isb l a
nonzero.
Ž .  4PROPOSITION 4.4. 1 For any nonzero l g C and a , b g q, y ,
N M Ž1.Žu .
b
aM Ž1 , l.M Ž1.Žu .
is nonzero.
Ž .2 The fusion rules
N M Ž1.Žu .
"
q " and N M Ž1.Žu .
.
y "M Ž1. M Ž1.Žu . M Ž1. M Ž1.Žu .
are nonzero.
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Proof. Part 1 follows from Lemma 4.3. By the definition of the action
Ž .Ž . Ž . u Ž . u Ž Ž . .of u on M 1 u 2.12 , we can show that u I a, z u s I u a , z holds0 0
Ž .for every a g M 1 . This implies that
q" "uI a, z M 1 u ; M 1 u z if a g M 1 ,Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž .0
. y"uI a, z M 1 u ; M 1 u z if a g M 1 .Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž .0
u Ž . u Ž Ž . . Ž .Because I 1, z s id and I h y1 1, z s h z , we see that0 M Ž1.Žu . 0
u Ž u .p ( I ( i p ( I ( i give nonzero intertwining operators of type" 0 " " 0 .
." M 1 uŽ . Ž .M 1 uŽ . Ž .
resp. .yq "" ž /ž /ž / M 1 M 1 uŽ . Ž . Ž .M 1 M 1 uŽ . Ž . Ž .
This shows Part 2.
The series of Propositions 4.1, 4.2, and 4.4 together with Proposition 3.4
Ž . Ž .qgive us triples M, N, L of irreducible M 1 -modules for which the
fusion rule N L is nonzero. In fact, we have following theorem.M N
Ž . Ž .qTHEOREM 4.5 Main Theorem . Let M, N, and L be irreducible M 1 -
modules.
Ž . Ž .q L q1 If M s M 1 , then N s d .M Ž1. N N, L
Ž . Ž .y L Ly y2 If M s M 1 , then N is 0 or 1, and N s 1 if andM Ž1. N M Ž1. N
Ž .only if the pair N, L is one of the following pairs:
. ." "M 1 , M 1 , M 1 u , M 1 u ,Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .
M 1, l , M 1, m l2 s m2 .Ž . Ž .Ž . Ž .
Ž . Ž . Ž . L L3 If M s M 1, l l / 0 , then N is 0 or 1, and N s 1M Ž1, l.N M Ž1, l.N
Ž .if and only if the pair N, L is one of the following pairs:
" 22 2 2M 1 , M 1, m l s m , M 1, m , M 1, n n s l " m ,Ž . Ž . Ž . Ž . Ž .Ž .Ž .Ž . Ž .
." " "M 1 u , M 1 u , M 1 u , M 1 u .Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .
Ž . Ž .Ž .q L Lq q4 If M s M 1 u , then N is 0 or 1, and N s 1 ifM Ž1.Žu . N M Ž1.Žu . N
Ž .and only if the pair N, L is one of the following pairs:
" " "M 1 , M 1 u , M 1, l , M 1 u .Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .
Ž . Ž .Ž .y L Ly y5 If M s M 1 u , then N is 0 or 1, and N s 1 ifM Ž1.Žu . N M Ž1.Žu . N
Ž .and only if the pair N, L is one of the following pairs:
." "M 1 , M 1 u , M 1, l , M 1 u .Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .
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4.2. Proof of the Main Theorem
Ž .q Ž . Ž .Recall the direct sum decomposition M 1 s L 1, 0 [ L 1, 4 [ ???
Ž Ž .. Ž . Ž . Ž .see 3.3 . The lowest weight vector of L 1, 4 is J. Hence h y3 h y1 1 is
Ž . Ž .2 Ž Ž . .a linear combination of L y4 1, L y2 1 and J note that L y1 1 s 0 .
Ž . Ž . Ž .Ž Ž . Ž .2 .In fact, h y3 h y1 l s y1r9 J y 3L y4 1 y 4L y2 1 . By Lemma
Ž . Ž Ž .q.3.5 2 , we have the equality in A M 1 ,
2J y 4v* y 17v q 9h y3 h y1 1 s 0, 4.1Ž . Ž . Ž .
n! # "
n n qw x w x w x Ž .where we use the notation a * s a* s a) a) ??? ) a for a g M 1
and n g N.
Now we prove the main theorem. We divide the proof into five steps,
Ž . Ž .Step 1]Step 5, where 1 ] 5 are proved respectively.
Proof of Theorem 4.5. By Theorem 2.13 and Table I, we see that two
Ž .qirreducible M 1 -modules N and L are isomorphic to each other if and
only if a s a and b s b .N L N L
Ž .q Ž . Ž . Ž .Step 1. If M s M 1 , then ¤ s 1 see Table I , and L * ? A M ?M 0
X w x Ž . LN s C¤ m 1 m ¤ by Proposition 3.15 1 . If the fusion rule N is0 L N M N
X w xnonzero, then ¤ m 1 m ¤ is also nonzero. On the one hand, we haveL N
the equalities
X w x X w x X w xa ¤ m 1 m ¤ s ¤ m v m ¤ s a ¤ m 1 m ¤ ,L L N L N N L N
X w x X w x X w xb ¤ m 1 m ¤ s ¤ m J m ¤ s b ¤ m 1 m ¤ .L L N L N N L N
This implies that if the fusion rule N L is nonzero, then a s a andM N N L
Ž .b s b , hence M and N are equivalent. Then 1 follows from Proposi-N L
tion 4.2 and Proposition 4.4.
Ž .yStep 2. Let M s M 1 . Then we have the irreducible decomposi-
Ž . Ž . Ž . Ž .tion 3.3 . Hence h y3 h y1 1)¤ is in L 1, 1 and it is a linear combi-M
Ž . Ž . Ž .nation of L ym ??? L ym ¤ m g Z , m q ??? qm F 4 . In fact,1 k M i ) 0 1 k
h y3 h y1 1)¤Ž . Ž . M
2s 3¤ q 12 L y1 ¤ q 12 L y1 ¤ y 8 L y3 ¤Ž . Ž . Ž .M M M M
1
q 16L y2 L y1 ¤ y L y4 ¤Ž . Ž . Ž .M M2
1 3 2q L y3 L y1 ¤ q L y2 L y1 ¤ . 4.2Ž . Ž . Ž . Ž . Ž .M M4 2
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On the other hand, we have
X X w x¤ m L ym ??? L ym ¤ m ¤ s F a , a ¤ m ¤ m ¤Ž . Ž . Ž .L 1 k M N L N L M N
4.3Ž .
w xfor any m g Z by Lemma 2.6, where F g C x, y is given byi ) 0
k k
m y1iF s y1 x y m y y m y wt ¤ . 4.4Ž . Ž . Ž .Ł Ýi j Mž /is1 jsiq1
Ž . Ž . Ž .Hence by 4.1 and 4.2 ] 4.4 , we have
X 2¤ m J y 4v* y 17v q 9h y3 h y1 1 )¤ m ¤Ž . Ž .Ž .L M N
X w xs f a , a , b ¤ m ¤ m ¤ s 0,Ž .L N L L M N
w xwhere f g C x, y, z is given by
9
2 2 2f s z y 4 x q x q x y y 6 x y 18 xy y 12 y y 21 x y 23 y q 11 .Ž . Ž .
4
Ž .Proposition 3.7 and 4.1 show that
X U 2
q¤ m f ¤ )f J y 4v y 17v q 9h y3 h y1 1 m ¤Ž . Ž . Ž .Ž .L M M M Ž1. N
X 2s ¤ m f J y 4v* y 17v q 9h y3 h y1 1 )¤ m ¤Ž . Ž .Ž .Ž .L M M N
X w xs yf a , a , b ¤ m ¤ m ¤ s 0,Ž .N L N L M N
Žw x. w x Žw x. w x Žw x. w xq qsince f v s v , f J s J , and f ¤ s y ¤ . More-M Ž1. M Ž1. M M M
over, the Verma module of the Virasoro algebra with central charge 1 and
Ž . Ž . Ž .lowest weight 1 has a singular vector 2 L y3 w y 4L y2 L y1 w q
Ž .3L y1 w of weight 4, where w is the cyclic vector of the Verma module.
Ž .y Ž . Ž .The image of this singular vector in M 1 is zero, then by 4.3 and 4.4
Ž . X w x Ž . Ž .Ž 2we have g a , a ¤ m ¤ m ¤ s 0, where g x, y s x y y x y 2 xyN L L M N
2 .q y y 2 x y 2 y q 1 r2.
L X w xNow suppose that the fusion rule N is nonzero. Then ¤ m ¤ m ¤M N L M N
Ž . Ž . Ž .is nonzero by Proposition 3.15 1 . Hence f a , a , b , f a , a , b , andL N L N L N
Ž . Ž .g a , a are necessarily zero. By 1 and Proposition 3.4, we assume thatN L
 Ž .y Ž . Ž . Ž .Ž ."4N, L g M 1 , M 1, l l / 0 , M 1 u .
Ž .y Ž .Ž .q Ž .Ž .yIn the cases N s L s M 1 , M 1 u and M 1 u , and the cases
Ž .y Ž .Ž ." Ž .L s M 1 and N s M 1 u , we see that f a , a , b are nonzero.L N L
Therefore the fusion rules of corresponding types are zero.
Ž .y Ž .In the case L s M 1 and N s M 1, l , we see that either
Ž 2 . Ž 2 .f 1, l r2, y6 or g 1, l r2 is nonzero. Then the fusion rule of corre-
sponding type is zero.
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Ž . Ž .In the case L s M 1, l and N s M 1, m , assume that the fusion rule
is nonzero. Then if we put s s l2 and m2 s t, we have
s t s t s t 9 22 2f , , s y q f , , t y s s y t 3s q 3t y 2 s 0,Ž . Ž .ž / ž /2 2 2 2 2 2 16
s t s t s t s t
2 2f , , s y q f , , t y q 81 g ,ž / ž / ž /2 2 2 2 2 2 2 2
9
s s y t s q t y 1 s 0.Ž . Ž .
2
Hence we have s s t, that is, l2 s m2. Thus N M Ž1, m . s d 2 2 holds.M M Ž1, l. l m
Ž . Ž .Ž .q 2In the case L s M 1, l and N s M 1 u , if we put s s l , then we
have
s 1 s 27
2 2f , , s y s 8 s y 1 32 s y 236 s q 205 ,Ž . Ž .ž /2 16 2 4096
1 s 3 27
2f , , s 8 s y 9 384 s y 1160 s q 131 .Ž . Ž .ž /16 2 128 4096
But there is no common zero of these two polynomials, and the corre-
sponding fusion rule is zero.
Ž . Ž .Ž .yIf L s M 1, l and N s M 1 u , then we have
s 9 s y9
2 2f , , s y s 8 s y 9 96 s y 996 s q 119 ,Ž . Ž .ž /2 16 2 4096
9 s y45 9
2f , , s 8 s y 1 384 s y 2504 s q 2211 .Ž . Ž .ž /16 2 128 8192
Thus there is no common zero of these two polynomials, and the corre-
Ž .sponding fusion rule is zero in this case too. Now 2 follows from
Proposition 4.2 and 4.4.
Ž . Ž . Ž .Step 3. Let M s M 1, l l / 0 . We prove 3 by dividing the
Ž . 2 Ž . 2 Ž .problem into the following four cases: i l / 1r2, 2, 9r2, ii l s 2, iii
2 Ž . 2l s 9r2, and iv l s 1r2.
Ž . 2i First we assume that l / 1r2, 2, 9r2. Then we can see that
Ž . Ž . Ž 2 .h y3 h y1 1)¤ belongs to L 1, l r2 by the direct sum decompositionM
Ž . Ž . Ž .3.2 . Thus h y3 h y1 1)¤ can be expressed by a linear combination ofM
Ž . Ž . Ž .L ym ??? L ym ¤ m g Z , m q ??? qm F 4 . Then by using1 k M i ) 0 1 k
Ž . Ž . U4.3 and 4.4 , we have the following equalities in the contraction L ?0
Ž .A M ? N ,0
X 2¤ m J y 4v* y 17v q 9h y3 h y1 1 )¤ m ¤Ž . Ž .Ž .L M N
X w xs f a , a , b ¤ m ¤ m ¤ s 0, 4.5Ž . Ž .L N L L M N
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X 2
q¤ m f ¤ )f J y 4v* y 17v q 9h y3 h y1 1 m ¤Ž . Ž . Ž .Ž .L M M M Ž1. N
X 2s ¤ m f J y 4v* y 17v q 9h y3 h y1 1 )¤ m ¤Ž . Ž .Ž .Ž .L M M N
l2p i r2 X w xs e f a , a , b ¤ m ¤ m ¤ s 0, 4.6Ž . Ž .N L N L M N
Ž . w xwhere f s f x, y, z g C x, y, z is given by
24 29 l y 4l x q y q 4 x y yŽ . Ž .Ž .2f s z y 4 x q x q 2 2 2 232l l y 2 2l y 9 2l y 1Ž . Ž . Ž .
32 4 2= y3 l y 2 q 4 8l y 29l q 6 xŽ . Ž .ž
22 2q4 7l q 6 y y 4 16l q 3 x y y .Ž . Ž . Ž . /
Ž .Ž .q Ž . Ž .We consider the case N s M 1 u and L s M 1, m m / 0 . If we
L X w xassume that the fusion rule N is nonzero, then ¤ m ¤ m ¤ isM N L M N
Ž . Ž .nonzero by Proposition 3.15 1 . Hence we have f a , a , b sL N M
Ž .f a , a , b s 0. This shows the equationsN L N
p t , u s 8u y 1 8u y 9 1024 t q 192 u2Ž . Ž . Ž . Ž .Ž
y 2048t 2 q512 tq624 uq1024 t 3 y256 t 2 q816 tq75 s0,Ž . .
2 2q t , u s 8t q 8u y 1 y 256 tu 1024 t q 192 uŽ . Ž . Ž .ŽŽ .
y 1024 t 2 y 3456 t q 816 u q 1192 t 2 q 864 t q 675 s 0,Ž . .
 4respectively. If t g 1r2, 2, 9r2 , then there is no common solution of
Ž . Ž .  4p t, u s q t, u s 0. Hence we may assume that t f 1r2, 2, 9r2 and
Ž . Ž .discuss it by interchanging l and m. Thus we have p u, t s q u, t s 0. If
Ž . Ž .t s 1r8, 9r8, then p t, u and q t, u have no common solution. Therefore
Ž . Ž .Žt / 1r8, 9r8. Similarly, u / 1r8, 9r8. If we put p t, u s u y 1r8 u y
. Ž . Ž . Ž . Ž . Ž .9r8 r t, u , then r t, u s r u, t s 0 hold. Since r t, t and q t, t have no
Ž . Ž .common solution, we may also assume that t / u. From r t, u y r u, t s
Ž . Ž . Ž . Ž .q t, u y q u, t s q t, u q q u, t s 0, we have following three equa-
tions:
32a 2 y 14a q 45 y 128b s 0,
128b q 3 64a 2 y 16a q 1 y 256b s 0, 4.7Ž . Ž .Ž .
64a 2 y 16a q 1 y 256b 64a 2 y 280a q 225 q 1024b s 0,Ž . Ž .
where we put a s t q u and b s tu. If 64a 2 y 16a q 1 y 256b / 0,
Ž . 2then b s y3r128. But in this case, 4.7 and 64a y 280a q 225 q
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1024b s 0 don’t have a common solution. So we have 64a 2 y 16a q 1 y
256b s 0 and 32a 2 y 14a q 45 y 128b s 0. This implies a s 89r12 and
Ž . 2 2b s 30625r2304. But the solutions t, u g C of the equation x y a x q
Ž .b s 0 don’t satisfy p t, u s 0. Therefore we see that the corresponding
fusion rule is zero.
Ž .Ž .y Ž . Ž .In the case N s M 1 u and L s M 1, m m / 0 we can show that
the fusion rule N L is zero by the same method as that in the precedingM N
case.
We next prove that N Ž1, n . s d 2 2 if l2 / 1r2, 2, 9r2. ByM Ž1, l.M Ž1, m . n , Žl" m .
Proposition 4.1 and Corollary 3.17, it is enough to prove that if
M Ž1, n . 2 Ž .2 Ž . Ž .N / 0 then n s l " m . Let N s M 1, m and L s M 1, n ,M Ž1, l.M Ž1, m .
and assume that N L is nonzero. By Proposition 3.15, we see thatM N
X w x Ž . Ž .¤ m ¤ m ¤ / 0. Then the equalities 4.5 and 4.6 follow two equa-L M N
tions
s2 q t 2 q u2 y 2 st y 2 su y 2 tu p s, t , uŽ . Ž .
s s2 q t 2 q u2 y 2 st y 2 su y 2 tu p s, u , t s 0, 4.8Ž . Ž . Ž .
2 2 2 w xwhere s s l , t s n , u s m , and p g C x, y, z is given by
p s y3 x q 16 xy q z q 32 yz y z 2Ž .
= y2 y 12 x q 58 xy q 16 xy2 y 12 y q 3 y2 y 6 yz y 12 z q 3 z 2 .Ž .
2 2 2 Ž .Suppose that s q t q u y 2 st y 2 su y 2 tu / 0, then we have p s, t, u
Ž . 2s p s, u, t s 0. In addition, we assume that l / 8. Then the circle
Ž . Ž . Ž .2 Ž 2 .relations h y3 h y1 1(¤ and h y2 1(¤ belong to L 1, l r2 andM M
Ž . Ž . Žcan be expressed by linear combinations of L ym ??? L ym ¤ m g1 k M i
. Ž . Ž .Z , m q ??? qm F 5 . By 4.3 and 4.4 , we have the equalities) 0 i k
X X w x¤ m h y3 h y1 1(¤ m ¤ s g a , a ¤ m ¤ m ¤ s 0,Ž . Ž . Ž .L M N 1 L N L M N
4.9Ž .
2X X w x¤ m h y2 1(¤ m ¤ s g a , a ¤ m ¤ m ¤ s 0, 4.10Ž . Ž . Ž .L M N 2 L N L M N
Ž . Ž .where g a , a and g a , a become1 L N 2 L N
g a , a s s2 q t 2 q u2 y 2 st y 2 su y 2 tu t y u q s, t , u ,Ž . Ž . Ž . Ž .1 L N
g a , a s s2 q t 2 q u2 y 2 st y 2 su y 2 tu r s, t , u ,Ž . Ž . Ž .2 L N
TOSHIYUKI ABE368
w xand q, r g C x, y, z are given by
q s y12 q 24 x y 5x 2 q 12 y y 16 xy q 4 x 2 y q 3 y2 y 4 xy2 q 12 z
y 16 xz q 4 x 2 z q 6 yz q 8 xyz y 3 z 2 y 4 yz 2 ,
r s 192 y 245x q 108 x 2 y 18 x 3 q x 4 y 240 y y 28 xy q 8 x 2 y q x 3 y
q 96 y2 q 86 xy2 y 21 x 2 y2 y 12 y3 q 19 xy3 y 144 z q 460 xz
y 152 x 2 z q 11 x 3z y 96 yz y 100 xyz q 14 x 2 yz q 36 y2 z
y 152 xy2 z q 14 xz2 q 7x 2 z 2 q 57xyz2 y 36 y2 z 2 q 12 z 3 y 19 xz3.
2 2 2 Ž . Ž .Since s q t q u y 2 st y 2 su y 2 tu is nonzero, we have t y u q s, t, u
Ž . Ž . Ž . Ž .s r s, t, u s 0. Similarly, we have u y t q s, u, t s r s, u, t s 0 by in-
2 2 Ž .terchanging m and n . Assume that t s u. Then r s, t, t s 0 follows
Ž . Ž Ž . .  4s s 6 1 y 2 t , and p 6 1 y 2 t , t, t s 0 implies that t f 1r2, 2, 9r2, 8 .
Ž Ž . .Hence we can interchange s and t, and we have r t, 6 1 y 2 t , t s 0 and
Ž Ž ..r t, t, 6 1 y 2 t s 0. But the common solutions of these equations don’t
Ž Ž . .satisfy p 6 1 y 2 t , t, t s 0. Hence we see that t / u, which shows
Ž . Ž . 2 Ž .q s, t, u s q s, u, t s 0. Next assume that t s n r2 n s 1, 2, 3, 4 . Then
Ž 2 .p s, n r2, u s 0 follows
16u2 y 16n2 q 1 u 12u2 y 12 n2 q 4 u q 3n4 y 24n2 y 8Ž . Ž .
s s or y .2 2 28n y 3 4 4n q 29n y 12Ž .
Ž 2 .But in any case, there is no common solution of equations p s, u, n r2 s 0
Ž 2 .  4and q s, u, n r2 s 0. Thus t f 1r2, 2, 9r2, 8 . Similarly, we have u f
 41r2, 2, 9r2, 8 . Therefore if we put x s s, x s t and x s u,1 2 3
p x , x , x s q x , x , x s r x , x , x s 0 and x / xŽ . Ž . Ž .i i i i i i i i i i j1 2 3 1 2 3 1 2 3
if i / j 4.11Ž .
 4  4hold for every permutation i , i , i of 1, 2, 3 and i, j s 1, 2, 3. In partic-1 2 3
Ž .Ž Ž . Ž .. Ž .Ž Ž . Ž ..ular, we have t y u q s, t, u y q t, s, u y t y s q u, t, s y q t, u, s
s 0 and this follows s q t q u q 5 s 0 since s, t, u are distinct from each
Ž . Ž . Ž . Ž .other. On the other hand, if we put r s, t, u y r t, s, u s s y t a s, t, u ,
Ž . Ž . Ž .then we have a s, t, u s a u, t, s s 0. If we next put a s, t, u y
Ž . Ž . Ž . Ž . Ž .a u, t, s s s y u b s, t, u , we have b s, t, u s b s, u, t s 0. Now we
Ž . Ž . Ž .Ž .see that b s, t, u y b s, u, t s y16 t y u 3s q 3t q 3u y 10 s 0 and
this follows 3s q 3t q 3u y 10 s 0. It is inconsistent with s q t q u q 5
Ž .s 0. Thus we see that there is no solution that satisfies 4.11 . Hence
s2 q t 2 q u2 y 2 st y 2 su y 2 tu s 0. By substituting l2 for s, n 2 for t,
2 2 Ž .2and m for u, we have n s l " m if l / 1r2, 2, 9r2, 8.
2 Ž .In the case l s 8, we may assume that N and L are any of M 1, m
Ž 2 . 2 2m s 1r2, 2, 9r2, 8 , that is to say, that m and n are any of 1r2, 2, 9r2,
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2 2 2 2'Ž . Ž .and 8. But then p 8, m , n is nonzero. Hence we have n s m " 2 2
Ž . Ž . 2by 4.8 . Consequently we see that 3 holds if l / 1r2, 2, 9r2.
Ž . 2ii We next consider the case l s 2. Then we have the irre-
Ž . Ž .ducible decomposition for the Virasoro algebra M 1, l s L 1, 1 [
'Ž . Ž . Ž Ž .. Ž . Ž . Ž .L 1, 4 [ L 1, 9 [ ??? see 3.2 . Put u s 2 h y3 ¤ y 3h y2 h y1 ¤M M
3' Ž . Ž .q 2 y1 ¤ which is the lowest weight vector of L 1, 4 . SinceM
Ž . Ž . Ž . Ž .h y3 h y1 1)¤ g L 1, 1 [ L 1, 4 , it is a linear combination ofM
Ž . Ž . Ž . Ž .L y1 u, u and L ym ??? L ym ¤ m g Z , m q ??? qm F 4 .1 k M i ) 0 1 k
Ž . Ž .Then by formulas 4.3 and 4.4 , we have the equation
X 2¤ m J y 4v* y 17v q 9h y3 h y1 1 )¤ m ¤Ž . Ž .Ž .L M N
X w x X w xs f a , a ¤ m u m ¤ q f a , a , b ¤ m ¤ m ¤ s 0,Ž . Ž .1 L N L N 2 L N L L M N
Ž . w x Ž . w xwhere f s f x, y g C x, y and f s f x, y, z g C x, y, z are given by1 2
3 21
f s q x y y ,Ž .1 2 8
95 99 173 9 207 47
2 2 3 2f s z q x y y y x y xy q y q x y 27x y2 8 8 8 4 8 4
135 27
2 3q xy y y .
4 2
Žw x. w x Žw x. w xSince f u s u and f ¤ s y ¤ , we haveM M M M
X w x X w xyf a , a ¤ m u m ¤ q f a , a , b ¤ m ¤ m ¤ s 0.Ž . Ž .1 N M N N 2 N L N L M N
Ž . Ž 2 .We may assume that N and L are any of M 1, m m s 1r2, 2, 9r2 ,
Ž .Ž ."M 1 u . But then we can see that the determinant of the matrix
f a , a f a , a , aŽ . Ž .1 L N 2 L N Lž /yf a , a f a , a , aŽ . Ž .1 N L 2 N L N
is nonzero except for the cases
N , L s M 1, m , M 1, n ;Ž . Ž . Ž .Ž .
a b2 2m , n s 1r2, 9r2 , 9r2, 1r2 , 1r2, 1r2 , M 1 u , M 1 u ;Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .
 4a , b g q, y .
2 2' ' ' ' 'Ž . Ž . ŽNote that 9r2 s 2 q 1r 2 and 1r2 s 2 y 1r 2 s 2 y
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2' .3r 2 . Then we have
N M Ž1 , n . s d 2 2 , N M Ž1.Žu ." s 0M Ž1 , l.M Ž1 , m . n , Žl" m . M Ž1 , l.M Ž1 , m .
for every m2, n 2 s 1r2, 2, 9r2 by Corollary 3.17 and Proposition 4.1.
Ž . Ž .Together with the results of i and Proposition 4.4, we see that 3 holds
for l2 s 2.
Ž . 2iii We consider the case l s 9r2. In this case, the submodule
Ž .for the Virasoro algebra of M s M 1, l generated by ¤ is isomorphic toM
Ž .the irreducible module L 1, 9r4 . The Verma module for the Virasoro
algebra with central charge 1 and lowest weight 9r4 has a singular vector
Ž . Ž . Ž . Ž .2 Ž . Ž .218 L y4 w y 14L y3 L y1 w y 9L y2 w q 10 L y2 L y1 w y
Ž .4L y1 w, where w is the cyclic vector of the Verma module. Since the
Ž . Ž . Ž .image of the singular vector in M 1, l is zero, by using 4.3 and 4.4 we
have the equality
X w xf a , a ¤ m ¤ m ¤ s 0,Ž .L N L M N
Ž . w xwhere f s f x, y g C x, y is given by
2 2f s 81 y 72 x q y q 16 x y y 1 y 8 x q y q 16 x y y .Ž . Ž . Ž . Ž .Ž . Ž .
Ž . Ž .By the results of Step 1, Step 2, and i , ii of Step 3, we may assume that
Ž . Ž 2 . Ž .Ž ."N and L are any of M 1, m m s 1r2, 9r2 , M 1 u . If a , a gL N
 4 Ž .1r4, 9r4, 1r16, 9r16 , then f a , a is nonzero except for the pairsL N
Ž . Ž . Ž . Ž . Ž .a , a s 1r16, 1r16 , 1r16, 9r16 , 9r16, 1r16 , 9r16, 9r16 . ByL N
Corollary 3.17 and Proposition 4.1, we see that for l2 s 9r2, m2, n 2 s 1r2,
9r2, N M Ž1, n . s N M Ž1.Žu ." s 0. Then Proposition 4.4 implies thatM Ž1, l.M Ž1, m . M Ž1, l.M Ž1, m .
Ž . 23 holds for l s 9r2.
Ž . Ž . 2iv We prove that 3 holds for l s 1r2. In this case we have the
Ž . Ž . Ž . Ž .irreducible decomposition M 1, l s L 1, 1r4 [ L 1, 9r4 [ L 1, 25r4
2'Ž Ž .. Ž . Ž .[ ??? see 3.2 . Let u s 2 h y2 ¤ y 2h y1 ¤ which is the lowestM M
Ž . Ž . Ž . Ž .weight vector of L 1, 9r4 . Then h y3 h y1 1)¤ belongs to L 1, 1r4M
Ž . Ž . Ž .[ L 1, 9r4 and is a linear combination of L ym ??? L ym ¤ and1 k M
Ž . Ž . Ž .L yn ??? L yn u m , n g Z , m q ??? qm F 4, n q ??? qn F 3 .1 l i j ) 0 1 k 1 l
Ž . Ž .By 4.3 and 4.4 , we have the equality
X 2¤ m J y 4v* y 17v q 9h y3 h y1 1 )¤ m ¤Ž . Ž .Ž .L M N
X w x X w xs f a , a ¤ m u m ¤ q f a , a , b ¤ m ¤ m ¤ s 0,Ž . Ž .1 L N L N 2 L N L L M N
4.12Ž .
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Ž . w x Ž . w xwhere f s f x, y g C x, y and f s f x, y, z g C x, y, z are given by1 2
27 13 19 11 2f s q x y y q x y y ,Ž .1 128 16 16 16
3 2f s z y q 12 x q y y 24 x y y .Ž . Ž .2 2
Žw x. p i r4w x Žw x. p i r4w xSince f u s e u and f ¤ s e ¤ , we have alsoM M M M
X w x X w xf a , a ¤ m u m ¤ q f a , a , b ¤ m ¤ m ¤ s 0.Ž . Ž .1 N L L N 2 N L N L M N
Ž .2 Ž .In addition, we have L y1 ¤ q L y2 ¤ s 0, since the Verma moduleM M
of central charge 1 and highest weight 1r4 has nontrivial singular vector of
weight 9r4. Therefore we have the equality
2X¤ m L y1 ¤ q L y2 ¤ m ¤Ž . Ž .Ž .L M M N
X w xs g a , a ¤ m ¤ m ¤ s 0, 4.13Ž . Ž .L N L M N
Ž . Ž . Ž .2where g s g x, y s y1r16 q x q y r2 y x y y . By Step 1, Step 2
Ž . Ž . Ž .and i ] iii of Step 3, we may assume that N and L are any of M 1, l
Ž 2 . Ž .Ž ."l s 1r2 , M 1 u .
Ž . Ž 2 . Ž .In the case N s L s M 1, l l s 1r2 , since both f a , a and1 L N
Ž . X w x X w x Ž .g a , a are nonzero, ¤ m u m ¤ s ¤ m ¤ m ¤ s 0 by 4.12 andL N L N L M N
Ž . U Ž .4.13 . Hence we have dim L ? A M ? N s 0 by Proposition 3.15. Thus0 0
Proposition 2.10 shows that the fusion rule N L is zero.M N
Ž . Ž 2 . Ž .Ž ."In the case L s M 1, m m s 1r2 and N s M 1 u , the determi-
nant of the matrix
f a , a f a , a , aŽ . Ž .1 L N 2 L N Lž /f a , a f a , a , aŽ . Ž .1 N L 2 N L N
is nonzero. Hence by Proposition 2.10, the fusion rule N L is zero in thisM N
case too.
Ž .Ž .q Ž .Ž .y X w xIn the case that N and L are either M 1 u or M 1 u , ¤ m u mL
X w x¤ and ¤ m ¤ m ¤ are linearly dependent, so the dimension ofN L M N
U Ž . Ž .L m A M m N is less than one by Proposition 3.15 3 . Now Proposition0 0
Ž . L Ž .4.4 1 shows that the fusion rule N is 1 in this case. Consequently, 3M N
2 Ž .  4holds for l s 1r2. Thus we see that 3 holds for all l g C y 0 .
Ž .Ž .q Ž .Ž .q Ž .Step 4. In the case M s M 1 u , we have M 1 u s L 1, 1r16
Ž . Ž . Ž Ž .. Ž .[ L 1, 49r16 [ L 1, 81r16 [ ??? see 3.7 . We put u s 9h y5r2
Ž . Ž .2 Ž . Ž .3 Ž .6h y1r2 1 y 5h y3r2 ¤ y 10h y3r2 h y1r2 q 4h y1r2 1 whichM
Ž . Ž . Ž .is the lowest weight vector of L 1, 49r16 . Since h y3 h y1 1)¤ is inM
Ž . Ž .L 1, 1r16 [ L 1, 49r16 , it can be expressed as a linear combination of
Ž . Ž . Ž . Ž .L y1 u, u and L ym ??? L ym ¤ m g Z , m q ??? qm F 4 .1 k M i ) 0 1 k
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So we have equality
X 2¤ m J y 4v* y 17v q 9h y3 h y1 1 )¤ m ¤Ž . Ž .Ž .L M N
X w x X w xs f a , a ¤ m u m ¤ q g a , a , b ¤ m ¤ m ¤ s 0,Ž . Ž .L N L N L N L L M N
Ž . w x Ž . w xwhere f s f x, y g C x, y and g s g x, y g C x, y, z are given by
1 8
f s q x y y ,Ž .
2 7
135 1 73 82 212 180
2 2g s 5z y y x q y y x q xy y y
1792 56 28 7 7 7
32 2562 4q x y y 5x q 12 y y x y y .Ž . Ž . Ž .
7 7
Žw x. p i r16w x Žw x. p i r16w xSince f u s ye u and f ¤ s e ¤ , we have equalityM M M M
X w x X w xyf a , a ¤ m u m ¤ q g a , a , b ¤ m ¤ m ¤ s 0.Ž . Ž .L N L N L N L L M N
By the results of Step 1]Step 3 and Proposition 3.4, we assume that N
Ž .Ž .q Ž .Ž .yand L are either M 1 u or M 1 u . But then the determinant of the
matrix
f a , a g a , a , aŽ . Ž .L N L N Lž /yf a , a g a , a , aŽ . Ž .N L N L N
X w x X w xis nonzero. Hence we have ¤ m u m ¤ s ¤ m ¤ m ¤ s 0. ThisL N L M N
proves that
N M Ž1.Žu .
b
q a s 0M Ž1.Žu . M Ž1.Žu .
 4 Ž .for any a , b g q, y . Thus we see that 4 holds.
Step 5. By the results of Step 1]Step 4; it is enough to show that
L Ž .Ž .qN s 0 for M s N s L s M 1 u . Since we have the direct productM N
Ž .Ž .y Ž . Ž . Ž .decomposition M 1 u s L 1, 9r16 [ L 1, 25r16 [ L 1, 121r16 [ ???
Ž . Ž . Ž . Ž .3see 3.8 , if we put u s y 1r2 h y3r2 1 q h y1r2 1 which is the
Ž . Ž . Ž .lowest weight vector of L 1, 25r16 , then h y3 h y1 1)¤ can be ex-M
Ž . Ž . Ž .pressed as a linear combination of L ym ??? L ym ¤ and L yn ???1 k M 1
Ž . Ž .L yn u m , n g Z , m q ??? qm F 4, n q ??? qn F 3 . Calculat-l i j ) 0 1 k 1 l
X wŽ 2 Ž . Ž . . xing the vector ¤ m J y 4v* y 17v q 9h y3 h y1 1 )¤ m ¤ byL M N
Ž . Ž .means of 4.3 and 4.4 we have the linear equalities
75 135
X Xw x w x¤ m u m ¤ y ¤ m ¤ m ¤ s 0.L N L M N224 256
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Žw x. 9p i r16w x Žw x. 9p i r16w xSince f u s ye u and f ¤ s e ¤ , by PropositionM M M M
3.7, we have
75 135
X Xw x w xy ¤ m u m ¤ y ¤ m ¤ m ¤ s 0.L N L M N224 256
X w x X w xThis follows that ¤ m u m ¤ s ¤ m ¤ m ¤ s 0. So we see that theL N L M N
L Ž .Ž .q Ž .fusion rule N s 0 if M s N s L s M 1 u by Proposition 3.15 3 .M N
The proof of the theorem is complete.
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